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Abstract

The goal of this thesis is to develop methods for spatial interpo-
lation of a tensor field, that is, a spatially correlated field of positive
definite matrices. We develop a Wishart model for the field, and
prove results needed for estimation of parameters using composite
likelihood methods. We use this methodology to compute an inter-
polation in one example. The first chapter gives a summary of prior
work and of some ideas we need, specifically likelihood and compos-
ite likelihood. The second chapter develops the Wishart random field
model. The third chapter develop some distribution theory for the
Wishart distribution that we need for the composite likelihood func-
tion, and the fourth chapter discusses estimation and prediction. The
final chapter concludes and gives some challenges for further work.






Introduction

In this thesis we propose a solution to a particular case of a
problem of spatial interpolation of tensors. In this work, “tensors”
refer to symmetric positive-definite matrices, a misuse of terminol-
ogy which is common in applications. We also use the abbreviation
PDM for positive-definite matrix. The dimension of the tensor is
always denoted by m x m, where m is a positive integer, usually
m = 2 or m = 3, although the theoretical development, as far as is
possible, will be done for the general case.

We became interested in these problem because of an applied
problem from Geology, interpolation of the anisotropy of magnetic
susceptibility. This anisotropy can be represented as a tensor, that
is, a PDM. For background see the paper [59], which also contains
data which we will use as an example, referred to as the Pluton Ex-
ample. This data is shown in figure (1). Another Data set we will be
using as an example is anisotropy of magnetic susceptibility in the
Sierra de Varas Plutén, see [27]. The data is shown as tensors in fig-
ure (2). For geological interpretation of such data it will be of interest

Pluton

FIGURE 1. A real tensor field. The Pluton example
data.
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FIGURE 2. A real tensor field. The Sierra de Varas
example data.

to present a geological map of the tensor, and that we will construct
it using spatial interpolation. The problem of spatial interpolation
is often referred to as “kriging”, but the theory is mostly developed
for a scalar variable. The tensors do not belong to a linear space,
they form a non-linear manifold. There is not many publications for
kriging applied to variables belonging to a non-linear manifold, a few
examples are the papers [8] and [9]. So we need to develop a frame-
work for working with data on non-linear manifolds.

We will present the usual framework for kriging, which we will be
applying. Let D be a region (which we can take as meaning an open
connected set) in RY, where d usually is 2 or 3. Within D is defined
a field, that is, a continuous function

(1) Y:D—F

where F usually is the field of real numbers, R, but in our case will be
the set of tensors, P*(m). Let x denote the spatial referent, that is x
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is a point within D. Then our data consists of observations of the field
Y at N spatial locations within D, Y; = Y(x1), Y2 = Y(x2),...,Yn =
Y(xn). The goal now is to interpolate the field, that is, to construct
a function Y: D — F such that Y(x;) = Y;,i = 1,...,N, and which
is, elsewhere, a good approximation to the unknown function Y. We
will need to specify in what sense it is a good approximation. In
statistics, it is usual to give meaning to the interpolation problem by
interpreting it as a “prediction” problem. That is, we model the field
Y as a realization of a random function, and then define an optimal
predictor as a function which minimizes the mean squared error of
?(x) — Y(x). For this to give meaning we need to define what we
mean by the — -sign (minus-sign) in the former sentence, what is a
difference between tensors? One possibility is to use the Riemannian
distance introduced in section (6), another possibility is to use the
componentwise difference, but in this setting that does not have an
intrinsic geometric meaning.

In this thesis, the first chapter is mostly a review of prior work
and existing theory that we will need for the later work. Especially,
here we give a rather long review of likelihood theory and its ex-
tensions. One point in this chapter might be new, or at least very
little studied, we propose to base a predictive estimating equation on
composite likelihood. In the second chapter we present the Wishart
random field model on which the later work is based. In chapter three
we calculate the marginal distribution of the two diagonal blocks in
a blocked Wishart random matrix. And finally, in chapter four, we
use the theory from the earlier chapters to develop methods for pre-
diction of random tensor fields, based on the Wishart model from
chapter two. The main contributions from this work are in chapters
three and four. In the last fifth chapter we present some ideas for
possible further work.






CHAPTER 1

Prior Work and Some Preliminary Ideas

In this chapter, we will lay the groundwork for what to come,
that is, spatial interpolation of tensors. We will present concepts and
methods we will use later, and illustrate its use in Kriging of scalar
spatial fields, but its application to tensors will have to wait for later
chapters.

There are not many published works on interpolation of tensor
fields, and most seem to be pursuing heuristic approaches without
a deep theoretical base. Here we will mention a few works that we
are aware of. A book treatment of interpolation and visualization
of tensor fields is [38]. A simple idea is to interpolate eigenvectors
and eigenvalues separately, and construct the tensor field from there.
This is pursued in [32]. Other works are [75] and [76].

1. A Conceptual Model for Spatial Interpolation

Conceptually, we have a spatial field of values defined on a domain
(an open, connected set) D C RY, where d usually is 2 or 3. In our
applications, D will represent some region on a geological map. The
values belong to the set F, which usually is R or R™ for some integer
m, but later will be the space of tensors P*(m). In this introductory
part, we will use the symbol F. The spatial field is a function (usually
continuous) Y: D — F, with value Y(x) at the spatial referent x € D.
At N locations within D, written x;,...,xn, Wwe have observed the
value of the field Y, which we write Y(x;) = Y1,...,Y(xn) = Yn. Oth-
erwise the values of the field are unknown to us, but is knowable at
some future time, for instance, with further exploration. The goal is
to interpolate the field, that is, to construct a function VD F,
which, in some sense, approximates the unknown function Y. Note
that at this point we do not try to explicate in which sense Y is an

9
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approximation of Y, since that will depend on our further interpreta-
tion of our conceptual model.

In the context of applications in geology, the field F might, for
instance, represent a subsurface structure, so will only be known by
perforation. It might be, for instance, the distance we have to drill
before encountering the structure. As such, for each spatial location
X, it is a given value, if unknown to us.

2. The conceptual Model in a Deterministic Framework

One possibility is to think about the function Y as simply given,
although not known to us. This is similar to the status of an un-
known parameter in statistics. We refer to this as the deterministic
interpretation. If we use this interpretation, we understand the in-
terpolation problem as a problem in approximation or interpolation
of functions, as studied in numerical analysis. A recent book-length
treatment from this point of view is [74]. Well-known methods in
this framework are polynomial approximation, splines and radial ba-
sis functions.

Since we will not be following this lead, we do not have very much
more to say about this subject, apart from giving some references.
There exist some formal equivalences between spline approaches and
the probabilistic approach we will look at in the next section. Two
references for this development are [45] and [57]. For us to use splines
to interpolate tensors, we would need to extend the theory of splines
for splines having values in curved spaces. A few papers going in this
direction are [51], [69] and [70].

There is also the possibility of using much simpler methods, like
linear interpolation with weight as a function of distance. We could
use the simple linear interpolator

N

(2) Pxo) = Y AY(x),

i=1
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with the weight constrained to sum to one. The weight should be a
function A; = w(||x; —x¢l|). For this to give a continuous surface, we
will need that w(h) approaches 1 when h goes to zero. Ripley [62,
Section 4.2] gives a review and critique of such algorithms.

In section 6 we will look into how such ideas can be generalized
to tensors.

3. The Conceptual Model in a Probabilistic Framework

We can think about the unknown function Y as a realization of
a random function, usually a stationary random function. Note that
we do not say that Y is a random function, we do not even know
what saying such a thing would mean! In the context of application,
Y is simply given, but representing it as a realization of a random
function might be useful for the construction of methods.

Now we can explicate what we mean by approximation: the differ-
ence between Y(x) and Y(x), which we can write as dist(Y(x), Y(x)),
must be small in a probabilistic sense, for example, least squares dis-
tance. For this to make sense the space of values F must at least be
a metric space, for instance, a Riemannian manifold. In the spatial
context, this is often called “Kriging”. In the following, we shall give
a short presentation of Kriging, in the case when F = R.

For the following, we refer to [12]. Suppose Y on D is a sta-
tionary (or intrinsic) random field, with constant expectation u, and
variogram function 2y(h) = E(Y(x) — Y(x + h))?, the function y(h)
itself is called a semivariogram. In the case that vy is a bounded func-
tion, the process is second-order stationary, with variance given by
o’ = lim e Y(h)'. If this limit does not exist, the process is called
intrinsic, in which case the expectation of Y usually does not exist.
The kriging predictor is given by a linear combination

N
(3) Y(xo) = Z aioYi + Bo,

i=1

!Note that this limit will never depend on in which direction h grows to infinity.
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where the weights o p,..., anp, Bo are to be determined such that
the mean squared error of prediction

(4) E(Y(x0) — Y(x0))?
is minimized.

The solution is given by

(5) Y(xo) =c'Z (Y —ul) +p,
where 1 = (1,1,...,1)" is a vector of N ones, u is the constant ex-
pectation, ¢ = (C(xo,%1),...,C(x0,%n))" is the vector of covariances

between the prediction location and the data locations, and X is the
N x N matrix with (i,j)-element given by C(x;,x;), and C is the spa-
tial covariance function, given by C(x,x +h) = o> —y(h). Y is the
vector of observations (Y7,...,Yn)'.

Matheron, see [12] called this predictor for simple kriging, and
it is based on an assumption of knowledge of the mean u of the pro-
cess. If the mean is unknown, which in most cases is a more palatable
assumption, we could replace p in the above expression with an es-
timate of it, {i. But mostly it is preferred to replace simple kriging
with ordinary kriging, which we give below, in such cases.

It is of interest for us here, to contemplate simple kriging, and
“estimated simple kriging”, where u is replaced by (i, since in more
complex cases, as the case of tensors in a later chapter, that is maybe
all we are able to do! This is somehow equivalent to ordinary krig-
ing, provided that (i is the kriging estimate of p. This is called the
“additivity relationship”, see [11].

Now we will describe the changes in assumptions necessary to get
to what is called ordinary kriging. Since we now do not assume that
i is known, we need a predictor which does not depend on u. To
obtain that we introduce the assumption that the predictor must be
unbiased:

(6) E(Y(x)) = E(Y(x0)),
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for all values of p. This leads to the requirement that p = ZL oG o+
[0, for all values of p. This implies that 3o = 0 and that ZF:] xio = 1.
We can show the optimal coefficient vector is given by

11Ty

Tr—]
171 )

(7) o = (v +
where v = (y(xo —x1),...,Y(xo —xn)) " and T is an N x N-matrix
whose (1i,]j)th element is y(x; — x;).

Note that the meaning of the term “unbiased” here is different
from that which is usual in parametric statistical estimation theory.
Let f(y;0) be a statistical model for an unobservable y, depending on
an unknown parameter 0 € ©, for some parameter space @. An esti-
mator 0 of 0 is unbiased if Eo 8 = 0 for all possible values of 8 € ©.
Comparing with the situation with ordinary kriging, the unknown
quantity that we want to estimate or predict is Y(xq). But Y(xo) is a
random variable, which is different from the situation in estimation
theory where 0 is a fixed, non-random, but unknown, quantity. Try-
ing to use directly the estimation-theory definition of unbiased, we
get

(8) B(Y(x0)Y(x0)) = Y(x0),

which is a very different criterion, and if used would lead to predictors
with a larger variance. Plainly, in the parametric theory we require
that the expectation of the estimator 0 be equal to O for all values of
0, but in the prediction theory we do not require that the expectation
of Z be equal to Z for all possible values of Z, that is, conditional on
Z, but only that it be equal to the expectation of Z (for all possible
values of that unknown expectation).

In reality, with ordinary kriging we will usually have that E [¥(x,)—
w < |Y(xo) — u|, where here p is the unknown true value of the con-
stant expectation of the random field. Here we take the expectation
of Y(xo) conditional on the true value Y(xo). This shows that the
predictor Y(xo) is not unbiased in the sense of estimation theory, a
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definition which really does not make sense for prediction of a ran-
dom variable. For a general discussion of this phenomenon, see [66].

4. Likelihood, Predictive Likelihood and Extensions

In this section we will give a brief summary of the usual likelihood
theory for parametric estimation, of the generalization of this theory
to the theory of unbiased estimating equations, and the lesser known
parallels of this theory for prediction of random variables.

4.1. The Ordinary Full Likelihood Function. Let f(y;0) for
0 € © C RP be a statistical model for a random observable y € Y,
where 0 is an unknown parameter belonging to some open subset ©
in RP. As our applications will be for a regular model, we suppose
sufficient regularity for the theory to work as given, this includes
that the support of the model function, that is, the closure of the set
{y € Y: f(y;0) > 0}, do not depend on 0. Other regularity conditions
is that the model function f(y;0) can be differentiated with respect
to 0 a sufficient number of times, and that differentiation with re-
spect to O can be interchanged with integration with respect to y.
The model function will be either a probability density function or
a probability mass function, and in the density case we suppose the
density is with respect to a common dominating measure. Here Y is
the sample space for the observable y. A presentation with details of
regularity conditions is [41].

This setting includes the case of an iid (independent and identi-
cally distributed) sample, in which case the model function is ]_[]i\]:] f(yy;0).
But it also includes cases where the observable y is a random vector
with non-independent components.

The likelihood function is simply L(0) = L,(0) = f(y;0) con-
sidered as a function of 0, where the dependence on y is usually
suppressed. Here y denotes an actually observed value of the observ-
able y. Note that the equality in the definition is taken up to any
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multiplicative constant that does not depend on the parameter vec-
tor 0, since any two functions which differ by a (positive) constant
not depending on 0 give the same values to all relative likelihoods,
that is, all comparisons between two different values of 6. The likeli-
hood principle says that, in the context of the given model function,
all information in the sample y about the unknown parameter 0, is
contained in the likelihood function, thus explaining the importance
of the likelihood function in both theory and applications. For an
extended discussion of the likelihood principle, see [3]. For a recent
critique of the likelihood principle, see [46].

We will more often use the log-likelihood function 1,(0) = 1(0) =
log(f(y;0)) where again, mostly we will let the dependence on y be
implicit. The efficient score function is given by

9. ue) 1(0) .+
— 51(0) = ( )

(9) u(e) 30, > 08,

where we remind the reader that the parameter space © is an open
subset of RP. In the regular case, the maximum likelihood estimator

of 0,

(10) 6 = argmax 1(0)
0co

can be found by solving the score equation U(0) = 0.

Note that the expectation of the score is zero: Calculate

(1) Bal(e) = [u(©)yi0) dy = | 3 Ue)T(y;0) dy

afgye;e) d
12 = -f(y;0) dy = —= | f(y;0) dy =0.
(12) Jf(y;e) (y;0) dy aej(y’ ) dy
The covariance-matrix of the score function is called the (expected)
Fisher information matrix. By manipulations similar to what used
above, we can show that

(13)  i(8) = Cove(U(6), U(8)) :J_.
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also can be given by the expression

~ 2(0)
26007

(14) i(6) = Eof )

and the expression we take the expectation of above is called the
observed information and denoted j(0). To show this, first show that

0? %f(y;e) B %f(%e)
f

2f(y;0)
1 f .9 — 00 ) T
5007 08 Ti0) = Ty ;) 0]

(15) (y;0)

(
and then take expectation of both sides.

A heuristic justification for this use of the concept “information”
is that, if the likelihood function really contains much information
about 0, then it should be peaked around its maximum, @, and the
observed information is then simply the negative of the Hessian ma-
trix, and if this is large then the likelihood function is indeed very
peaked, and 0O is well defined. So the size of the observed information
matrix is a measure of the peakedness of the loglikelihood function.
Some authors ([7], [19]) call the inverse of the information matrix the
“formation” matrix.

The Fisher information matrix gives information about with how
large precision it is possible to estimate 0. The following result is
called the Cramer-Rao inequality, or simply the information inequal-
ity. First, we give a simple result which can be seen as a multivariate
Cauchy-Schwarz inequality.

LEMMA 1. Let y and z be two square-integrable random wvec-

tors, not necessarily with the same number of components. Then
we have that

(16) Var(z) > Cov(z,y) Var(y)™' Cov(y,z)

where > signifies the usual order in the cone of positive-definite
matrices.
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The proof of this result is simple: Note that the following matrix
product is a positive-semi-definite matrix:
(17)

~ Var(z) Cov(z,y) I
I, = Covlzy) Var(y) ™) <Cov(y>7~) Var(y) ) <—Var(y)_] Cov(y,z))

and multiply out. The information inequality is the following. Let g
be a possibly vector-valued function of the parameter vector 6. Some
possibilities are g(0) = 0 and g(0) = 0;. Let T be a function of the
data y with expectation g(0), that is, an unbiased estimator of g(0).
Then we have, under regularity conditions as before, that

(18) Varg(T) > g'(0)i(6) ' (g'(0))"

where g’(0) is the gradient of g, that is, the matrix with (i, j)-element
given by aiej Eg T;. As an example, for unbiased estimation of 0, that
is Bg T(y) = 0, we find that ¢’(0) is the identity matrix, so that
Varg T > i(0)~'. To show this result, use the above lemma to write

Ologf Ologf

(19) Varg(T) > Covy(T, 30 )1(9)_]C0V(T,T)
and write the right-hand side as
Ologf o Ologf
(0) [T glen gt ray i) [ ZTENT - gle)r ey

and, with manipulations similar to the ones used earlier, with inter-
change between differentiation and integration, this reduces to the
given result (18).

4.2. Unbiased Estimating Equations. But for our application,
we will not be able to calculate the full likelihood function, so we must
search for some other approach. Godambe [26] had the idea to gen-
eralize the score equation to what he called an “unbiased estimating
equation”, that is, a function H of data y and parameter vector 0,
H(y,0) such that the unbiasedness property of the score function
generalizes, that is,

(21) Eo H(y, 0) = 0.

Note that this is connected to, but weaker than, the concept of a piv-
ote: A pivote is a function of data and parameter with a distribution
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which does not depend on the parameter. To fix ideas, let us give
an elementary example of a pivote. If Y is a random variable with
a normal distribution with mean 0 and variance 1, then H =Y — 0
is a pivote: H has a normal distribution with mean zero and vari-
ance 1, thus a completely known distribution. We can see that H is
both a pivote and an estimating function, since its mean is free of
the unknown parameter. If we change this example a little: let Y be
normally distributed with mean 0 and variance o7, then H defined in
the same way is not a pivote, since its distribution is not completely
known; it depends on the unknown variance o?. But H is still an es-
timating function for 8. We call H an estimating function. We could
say that an estimating function is a pivote in expectation. Exactly
as with the score function, we can obtain an estimator by solving the
equation H(y,0) = 0, which is called an estimating equation.

Note that the very traditional estimation method, the method of
moments, is really an example of unbiased estimating equations. If
T is a function of the observed data Y with expectation 0, then the
moment estimator is to solve T(y) = ET(y) = 0, and clearly this is
the same as solving the estimating equation H(y,0) = T(y) — 0 = 0.
Traditional least squares estimation can also be seen as unbiased esti-
mating equations, so we see that this concept is an important unifying
idea in estimation theory.

Now much of what we have said of the score function can be re-
peated. Clearly, the score function is a special case of an estimating
function, in a sense, it is the ideal estimating function. We can de-
fine the information in the estimating function, sometimes called the
Godambe information, by

OH(8)
20

OH(6
Var H(0) ' Eq %T)

(22) in(0) = Ee

the idea being that, the variance of the estimator obtained by solving
H(0) = 0 can often be approximated by the Godambe information.

This can be shown by a similar argument as for the maximum like-
lihood estimator. Introduce the notation V(0) = Eg —a';—(;'), which is

called the sensitivity or Hessian matrix, and the variability matrix,
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J(0) = Varg H(0). The sensitivity matrix can be seen as the observed
information based on the composite likelihood function. With this no-
tation the Godambe information matrix is i4(0) = V(0)]J(0)'V(0) .

Let us give an alternative form for iy(0). By differentiating the
equation (21) we can show that

H
(23) Ee(%—e+uHT) =0

where again U is the efficient score. Using this we find that
(24) in(0) =BE(UHT) Var(H) "E(HUT).

In particular, for the case where 0 is a scalar, we find

(25) in(0) = corr(U, H)*1(0),

since B (UH") = Cov(U, H) and % = corr(U, H)?. This result
is given just after equation (2.3) in [43]. So full information is asso-
ciated with a linear relationship between U and H. It is in this sense

that the efficient score is an ideal estimating function.

We have an extension of the information inequality to this setting,
which is given in [43]. It is

(26) i(6) = in(0)

where 1(0) = 1y (0) is the expected Fisher information in the efficient
score function. This can be proven using the multivariate Cauchy-
Schwarz inequality, which gives

(27) VarU > E(UH") Var(H) " E(HU")

where again > is the usual order in the positive-definite cone. Here
we use that both U and H are unbiased estimating functions.

4.3. Composite Likelihood. One method of obtaining an es-
timating equation is by using a composite likelihood function, as
defined by [43]. To define this, we start with a set of marginal or
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conditional events for which we can write log-likelihood functions
1;(0), and then we sum them to obtain a composite log-likelihood

(28) cl(8) = ) L(0).

By differentiation we can define the composite score function,
0

29 Cu(e) = —=CLse

(29) (0) = 5CL(e)

and since each component in the component likelihood function is
a true likelihood, the expectation of the composite score function is
zero. Therefore, CU(0) = 0 is an unbiased estimating equation and
the composite score is an unbiased estimating function. This com-
posite Likelihood function is a special case of the use of alternative or
approximate likelihood, for which some references will be given later.
They have been studied from many points of view, particularly from
the view of a misspecified model. From this point of view, a compos-
ite likelihood is a misspecified likelihood. A book-length treatment
from this point of view is [22].

In this thesis we will only use marginal events for the defini-
tion of a composite likelihood, in which case it is called a mar-
ginal composite likelihood, see [71]. An often used case is to use
only the bivariate distributions of all pairs of random variables in
the data. In this case it is called a pair (composite) likelihood. If
the data vector is y = (yi,...,yn) ', then the pair log likelihood is
cl(®) =3, Zid log f(yi,yj; 0). Now let us ask what happens if 0 has
a value corresponding to independence between y; and y; (for i #j).
Then the above becomes cl(0) = (N — 1)1(0), where 1(0) is the full
log likelihood function. Observe that this is the log likelihood func-
tion we would observe if we had N — 1 times more observations (or,
more generally, quantity of information) than we actually have. So
if we treat the composite log likelihood as a true likelihood, it will
misrepresent the quantity of information we have, and lead to falsely
precise inferences. This explains why the information in the compos-
ite likelihood cannot be measured by the Fisher information, or by the
observed information, but must be calculated via the more involved
Godambe information. It also leads to the idea to try to correct the
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composite log likelihood, so as to behave more like an ordinary full
likelihood. We will treat this only in the case of a pair likelihood,
which is the case we will be using. Then define the corrected pair
likelihood as

(30) cl.(9) :ZZwﬁ log f(yi,Y;;0)

i j<i

where w;; are some positive weights to be determined. These weights
would indicate the weight to be given to each pair, in analogy with
weighted least squares. For instance, in a spatial setting, they could
depend somehow on the spatial distance between the two observa-
tions, maybe giving less weight to very distant pairs.

The maximizer of this corrected pair log likelihood will be called
the maximum corrected composite likelihood estimator, denoted by
@C. We will return later to how we can choose the weights. The ques-
tion of consistency of the estimator maximizing the pair-likelihood is
discussed in the paper [61], they note that in the case of the compos-
ite likelihood there is still no known complete characterization of the
conditions for consistency. They say that the complete problem is too
general, and that useful conditions probably only can be found for
special cases, such as pair-likelihood. [61] also defines a more general
version of the pair-likelihood as

(31) > log f(ys,yi;0) —a ) _logf(y;0)

s<t

and asks the question about how to choose a in some optimal way.

Now we will try to justify the definitions of the Fisher and Go-
dambe information matrices by giving some approximations for the
maximization estimators. Again we assume sufficient regularity. Now
let 8y indicate the “true” value of the parameter, that is, that param-
eter which actually governed the generation of the data. If 0 is any
other value, we get

log f(Y;0) < logE f(Y;0)

32 B =
( ) 0o f(Y,eo) = 10g Mg, f(Y,eo) )
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by using Jensen’s inequality. This shows that
(33) Eg, log f(Y;0) < Eq, log f(Y;0)

that is, the expectation under the generating model of the log likeli-
hood is maximized for the true parameter. This inequality is some-
times called the Kullback Leibler information inequality. It can be
used to show that the maximization estimator is consistent, that is,
when sample size (or some other measure of total information in the
data) increases without bound, the estimator converges in probability
to the true parameter. Note that since the composite log likelihood
is a sum of true log likelihoods, that inequality is true for each of the
terms in the sum and so also for the composite log likelihood.

Now let & be the maximum likelihood estimator, and let us use
a Taylor expansion to approximate the log likelihood around 6,. We
assume the maximum is found by solving the score equation. Then
we find that

(34) —1'(80) = 1'(8) — V(o) = 1"(0")(8 — 0o)

where 0* is some parameter value between 6, and 0. Here U’ is the
gradient (with respect to the parameter vector) and 1” is the Hessian
matrix. Assuming the Hessian matrix is invertible, we find that

(35) 0— 00 =—1"(0")"1"(60) = j(0")'V'(60)

Where as before, j indicates the observed information matrix. When
the quantity of information is large, the observed information will
be close to the expected Fisher information matrix i, so the above
becomes

(36) 0 — 0, ~ 1(0,)1(8,).

leading to Bg, (8 — 8y) = Eeg,(i(6o)'1'(8y) = 0 and Var(8 — 8,) =
Varg, (1(60) 7'1/(680)) = 1(680)'1(60)i(0p)' = i(6y)~', explaining the
name “information matrix”. Now we will do the parallel approxi-
mations for the estimating equations case. Note that this includes
composite likelihood.
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As before, let H(0) be an unbiased estimating function based on
the data y. It plays the same role as 1/(0) in the former paragraph.
The estimator solving H(0) = 0 will be denoted 0. We find

(37) —H(6) = H(B) — H(8,) = H'(6") (8 — 6,)

which closely parallels (34), but note that the matrix on the right
now is a Jacobian matrix, not a Hessian, so need not be symmetric.
We can solve:

(38) 0 — 0y = (—H’(6*)) TH(0,).

Again, in the situation with much information, 0 will be close to 0o,
so H'(0*) will be close to H(8,), so we have the approximation

(39) 0 — 0o ~ (—H'(80))"H(0,)

which gives the approximations E(@ —0y) ~ 0 and Var(@ — 0y) ~
in(00)7", justifying the definition of the Godambe information. This
formula for the approximation of the variance is also called the “sand-
wich formula”.

4.4. Generalizations to obtain Predictive Likelihoods. Now,
let us ask: How can this ideas around likelihood, unbiased estimat-
ing equations, and composite likelihood be used, not for estimating
parameters, but for prediction of (future) random variables?

We will first review ideas for a definition of predictive likelthood
in the contect of an ordinary, full likelihood function, and after that
look into possibilities for generalizing that idea to unbiased estimating
functions, and, in particular, component likelihood. In this general-
ized context predictive likelihood seem to be very little explored. In
the first part we will mostly be following the paper [5] and also [2]. It
is important to understand that in the usual case when the unknown
quantities in a statistical problem are unknown but fixed parame-
ter, the definition of the likelihood function is uncontroversial. But
in a prediction problem we conceptualize the unknown quantity that
we want to predict z, as a presently unobserved, but in the future
possibly observable random wvariable, not as a fixed, but unknown
constant. In this case it is not at all clear how a likelihood function
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should be defined, if it is at all possible to define a likelihood func-
tion in this case! Bjgrnstad [5], give 14 possible definitions! and it
might possibly be more. Traditionally, prediction problems have been
solved by other methods. A detailed discussion of the problems in-
volved with extending the definition of a likelihood function to cover
the case of unknown random variables is given in the paper [6].

We start with a review of prediction within a full Bayesian model,
that is, a full probability model, where not only stochastic variables,
but also fixed parameters, are given probability distributions. We
use f as a generic symbol for a density function (or probability mass
function) and indicate the random variables involved with the argu-
ment. We write y for the observed data, z for the unobserved future
observable we want to predict, and 0 for the parameter governing the
distribution of y and z. The predictive distribution of z given y is

fly,z) _ _ [f(y,z[0)f(6) dO

(40) flzly) = fly) [ [f(y,zl6)f(6) db dz

Of course this depends on the choice of a suitable prior distribution
f(0). What can we do if we are not willing or able to use this Bayesian
machinery? We can at least keep the idea that the :deal predictive
distribution for z would be in the form of a probabilistic distribution
for z. So this structures the prediction problem in two steps

(1) find a predictive distribution for z, f(zly).
(2) we use the predictive distribution to construct a prediction
function Z = Z(y).

But we emphasize that the first item here is an ideal, without the
Bayesian method we will not necessarily be able to achieve that. The
basis for constructing a predictive likelihood will always be the model
function of (y, z), that is, f(y,z|0) = fg(y, z). Since the interest is not
in the unknown parameter 0, but in the unknown random variable
z, we will threat 0 as a “nuisance parameter”’?, that is, we want to
remove it, and by removing it, in some way, we obtain f(z|y). In this
way the concept of a predictive likelihood is rather vague. How can

2If this language sounds strange, note that in statistics , a nuisance parameter,
or simply a nuisance, simply is a parameter without inferential interest.
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we use the predictive likelihood to obtain a point prediction for z? A
simple idea is to obtain the maximum likelihood predictor:

(41) Zm(y) = arg max f(zly),

but the usually good properties of the maximum likelihood estimator
in parametric problems does not necessarily transfer to the maximum
likelihood predictor. Bjgrnstad [5] gives one example (his example 7)
where the MLP always is zero, irrespective of the data y. But, that
example uses the exponential distribution. As the mode of the ex-
ponential distribution is always zero, irrespective of the parameter,
the result is maybe not that surprising. But it reminds us that the
MLP always must be investigated, in each particular case, to see if it
is reasonable.

An other idea, which can be used if the predictive likelihood is a
probability distribution in z, is to use its mean: 2, (y)(= [ zf(zly) dz.
This predictor would work well in the exponential distribution exam-
ple above.

The simplest idea for removing the “nuisance” 0, is the profile
predictive likelihood. Define

(42) @Z(y) = arg max f(y, z|0),
0

that is, the maximum likelihood estimator using (y,z) as data. Then
the profile predictive likelihood is

(43) for(2ly) = f(2ly; 0 = 0.(y).

which in many examples is remarkably good. Leonard (1982) [42]
shows close connections with the Bayesian posterior predictive den-
sity with flat prior. The profile predictive likelihood and its exten-
sions seem to be the most practical in complicated situations. In
complicated situations other, maybe theoretically superior methods,
based on sufficiency and conditioning, are often not available. Re-
member, that in a parametric statistical problem, a sufficient statistic
for 0, is a function t(y) of data y such that the conditional distri-
bution of y given t(y) does not depend on the parameter 0. In this
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sense, t(y) contains all the information in the data about 6, of course,
assuming the model is true. To interprete this, write

(44) f(y;0) = f(ylt(y);8) - f(t(y);0) = fylt(y)) - f(t(y);6).

In the factorization above, we can see that the likelihood function
really only depends on y via the function t(y), so that a likelihood
function based on this model will depend on the data only via the
function t(y). In this sense all the information in the data is con-
tained in the sufficient statistic t(y).

In the following we will be following Davison [13], which gives ap-
proximate predictive likelihoods based on the Laplace approximation.
So first we will review the Laplace approximation to a multivariate
integral.

Assume we want to approximate an integral of the form
(45) Je—“g(” dt.

Heuristically, the largest contribution should come from a region
around the mode of the integrand, corresponding to a minimum of
g(t) (assuming n is positive). Denote this mode by t*. Assuming we
can Taylor-expand, write

(46) Je—“g(” dt — Je—n(g(t*)+g’(t*)(t—t*)+;g"(t*)(t—t*)2+~~) dt

(47) ~ e ™) Jelgn(t*)“t*)z dt

Observe the integrand is a multiple of a multinormal density with
covariance matrix given by %g” (t*)~', which we can use to evaluate
the integral and finally reach the approximation

e_ng(t*) (27-5)?/2
np/2 det(g//(t*))vz’
where p is the dimension of the integral. If we are approximating

a Bayesian posterior predictive distribution, we have a ratio of two
integrals, so we want to approximate, say,

_ Jh(t)p*(t) dt
(49) By (0(0)) = gt

(48)
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we simply apply the Laplace approximation to both numerator and
denominator separately, and then take the ratio:

det(H™)~"/? exp(log(p**(t**)))
det(H*)~'/2 exp(log(p*(t*)))

(50) B, (h(0)) =

where p** = h(t)p*(t), t* is a mode of p*, t** is a mode of p** and
(51) H* = —V?logp*(t) at t = t*
(52) H* = —V?logp™(t) at t = t**

Now we want to approximate integrals of the form
(53) fy(y) = | fv(ylO)h(O) do

Write 1(0) = 1(Y|0) = log fy(y|0) for the log-likelihood. Write also
p(0) =logh(0), and we assume 1l and p are twice continuously differ-
entiable with respect to 0.

Laplace’ method now gives
(54) fy(y) = (2m)"? exp{L(yl6*)}h(6") det(1(6%)) "/

where 1(0*) is minus the Hessian of 1(0)+p(0) evaluated at 0* . If the
prior h(0) is flat then I(0*) is the observed information matrix. ©6*
is the maximizer of 1(0) 4+ p(0). This approximation does not apply
to cases where the maximum likelihood estimator is not given as a
solution of the score equation.

A similar expansion of the joint density of (Y, Z) leads to
(85)  fvz(y,z) = (27)"% exp{l(y, 2|07 (2)}h(6"(2)) det(J (6% (2))) /2

where J(0) is the observed information based on fy z(y,z). Substi-
tuting this approximations into 40 gives an approximate posterior
predictive density

_ fyz(y,2/0%(2))h(0*(z)) det(1(6%))"/?
(56) fZ\Y(ZhJ) ~ fy(yle*)h(e*) det(](e*(z)))VZ

If h is constant, we call the right-hand side of 56, regarded as a
function of z, the approximate predictive likelihood of Z = z given
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Y =vy. Leaving out the constant h factor, the above equation becomes
fyz(y,2l0%(z)) det(1(6%))"

fy(yl6+) det(J(6+(z)))/2
Note that this has the form of a (modified) profile likelihood, which
we see by the appearance of 0%(z) in the expression, not by decision,

but by the logic of the Laplace approximation. A possible practical
difficulty with using this, is that we need a new optimization for each

(57) fzv(zly) ~

value of z we want to consider. In that case a possible further approx-
imation is to use a one-step Newton algorithm, to obtain a one-step
estimate, starting from 0*, the optimum based only on y.

Now we will look into the problem of prediction, using ideas from
the theory of unbiased estimating equations. There seems to be few
papers dedicated to this, so this is largely unexplored territory. First,
we will be following the paper [14]. He asks how to get analogues of
unbiased estimating equations, when the goal is not to estimate pa-
rameters, but to predict random variables. He defines a predictive
estimating equation to be a function H(z,y) of observed data y and
unobserved random variable z, which we want to predict. The equa-
tion

(58) H(z,y) =0

is referred to as a predictive estimating equation. Again, we assume
that the expectation of the predictive estimating function is zero.

How can we define optimality criteria for prediction within this
framework? The interest is in the future value z from a parametric
family f;(z;0) depending on current data y which is a sample from
fy(y;0). An unbiased prediction function now is a function H of data
y and future data z such that

(59) Ezyv(H(Z,Y) =0.

The expectation being over the joint distribution of Z and of Y.

We could also consider conditional unbiasedness:

(60) Ezy(H(Z,ylly) = 0.
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The point predictor Z(g), say, obtained as a solution of H(z,y) =0,
may or may not be unbiased, a departure from classical prediction.
We will define optimality of our prediction function in terms of one
of the two following criteria, both of which we want to minimize.

Ezy(H?)

(61 (Bzy 31)2
or
(62) Ezy(H?)

(BEzy 342

Desmond [14] denote this criteria by EFF for efficiency, but we will
avoid that, since in statistics we are usually maximizing efficiency, not
minimizing it! This criteria can be justified, noting that we want to
have H close to zero, so we should minimize its variance, and we want
it to be as sensitive as possible, thus maximizing its derivative with
respect to z, leading to the given criteria. There is much discussion as
to should we use the conditional criterion (62) or the unconditional
one (61). Desmond says that both may be of interest. We note that
kriging ordinarily uses an unconditional criterion, indicating that we
should also do so. There is an interesting discussion of this issue in
[24, pages 248-249], which strongly indicates we should use the un-
conditional criterion. In the following we will do so. Compare also
our earlier discussion of this issue, page 13.

Now let us see what is an optimal predicting function according to
this criterion. Suppose Z is a scalar future observable from our model,
and y is current data. The ideal object for predictive purposes is the
conditional probability density of the future observable z conditional
on current data y, f(zly), say. If we have a prior density on 0 the
Bayes solution is

(63) f(zly) = jf(zm; 0)f(6ly) de.

We argue here, informally, that if a predictive density is available,
then the optimal prediction function is

0 log f(zly)
64 H = —= 227
(64) Py
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We assume regularity conditions similar to those of [21] but involv-
ing conditions on the existence of certain derivatives with respect
to z rather than with respect to 0, and that certain interchange of
differentiation and integration be possible. Denote by G the class
of all prediction functions H : Z x Y — R, such that Ezy(H) = 0
and Ezy(H?) < co. Then § is a real vector space, with addition
of functions defined in the usual way. Now define an inner product
< Hi,H; >= Ezy(H;H;). This makes G into a Hilbert space. Con-
sider an arbitrary element H of G, denote by H its derivative with
respect to z. Differentiating under the integral sign in the equation

(65) Ezv(H) =0

and arguing in a similar way as in the parametric case, leads to
(66) EH=—<HH >

where H* = al%fz(zm. Cauchy-Schwarz inequality now yields
(67) (E(H)?) =< H,H" > < [[H|*|[H7||?

and optimality for H* follows from the condition for equality in the
Cauchy-Schwarz inequality.

In practice, the predictive density f(zly) will not be available and
so we will need to restrict attention to certain subclasses of unbiased
prediction functions. Desmond [14] now continues to show how his
criteria applied to the spatial setting of kriging leads to simple krig-
ing. We will not review this.

How can we get a predictive function based on the pair composite
likelihood? The simplest idea is first to define a pair predictive com-
posite likelihood, based on the joint density of Z and Y. We will now
specialize the notation to our spatial setting, with N observations at
locations xq,...,xN within the domain D. We want to predict the
value of the spatial field defined on D, at location xy within D. The
joint density of current data y; = y(x1),...,yn = y(xn) and future
data Z =y(xo) is

(68) f(zayh-”)yN;e)
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and this is also the likelihood function. The corresponding pair like-
lihood function is

N N
(69) CL(z,0) =] [ f(z,u50) - T ] ] f(vi,5;0)

i=1 i=1 j<i
and now we must face the problem of how to eliminate 0 to get
a predictive pair likelihood for prediction of z. The simplest idea
is, again, substitute for 0 the maximization estimator. We can also
apply profiling to this pair likelihood. Define

N N
(70) cl(z,0) :Zlogf(z,yi;e) +ZZlogf(yi,yJ~;9)
i=1 i1 j<i
and then
(71) 0, = arg max cl(z, 0).
0
The profile pair likelihood for prediction can then be defined as

(72) clpe(2) = cl(z,0.(y))

But how can this be used? Earlier on page 20 we saw that the com-
posite pair likelihood, if it is used as a true likelihood, will be falsely
precise. So we try to correct it. Now we will see into how this can be
done.

4.5. A Corrected Pair Likelihood. Here we will follow the pa-
per [52] which discusses how marginal composite likelihood can be
used in a Bayesian setting. The idea is to obtain a posterior dis-
tribution for 0 by formally using the composite likelihood in Bayes
theorem as if it was a true likelihood. This is not a new idea, there
is an extensive literature on the use of alternative or approximate
likelihoods in a Bayesian context, see [23], [60] and [63]. But as we
have seen, the composite likelihood will be falsely precise if we use
it as a true likelihood. Then this false precision will give rise to a
falsely precise posterior distribution. Thus we need some method for
correcting the composite likelihood.

We start with the definition given in equation (30) on page 21.
The goal now is to find some way to choose the weights wij,1,j =
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1,...,N. We ask how we can correct the composite likelihood to
obtain the correct variance in the normal approximation, as well as
a correct shape of the posterior in its Laplace approximation. Now
we write the theory for a parametric likelihood, following the paper.
The modifications for the predictive case will be discussed afterwards.
For inference about 0, usually tests and confidence intervals based on
the likelihood ratio statistic are preferable, can we adjust this for the
case of composite likelihood? We could define

(73) W,(0) = 2(cl(8.) — cl(0)),

with cl(6) = log CL(0). But this has a non-standard asymptotic
null distribution. Indeed (under regularity conditions) the asymp-
totic distribution of W,(0) is a linear combination of independent
chi-square variables, W.(0) 4 > P Ai(0)Z?, where the Z; are inde-
pendent standard normal variables, and the A;(0) are the eigenvalues
of the matrix V(0)7'](0), for i = 1,...,p. Here the arrow denotes
convergence in distribution, also called weak convergence®. Several
adjustments based on this have been proposed, we will use a first-
moment matching procedure. [25] proposes to use

(74) w((8) = w.(6)/A

. g o) _1 [ . . . .
with A = % P oAe) = w, which is one in case the Fisher
and Godambe information coincides, when we obviously do not need
any correction. This correction corresponds to use the same value for

all the weights w;;, namely 1/ A

Now, we can simply use this same correction for the case of the
predictive composite likelihood, or we could possibly calculate A anew,
based directly on the predictive pair likelihood. We could now use
this corrected predictive composite likelihood in a Laplace approxi-
mation, in the same way as we did in equation (56. Ideas like this do
not seem to have been much explored in the literature, at least I did
not find references.

3The concept called weak convergence in probability and statistics, correspond
to weak*-convergence in functional analysis.
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4.6. Some Computational Aspects. We need to discuss some
computational aspects. Here we will be mainly following [72]. When
using the ordinary, full, likelihood, the precision of estimates is in-
dicated by the information matrix. But should we use the observed
information matrix, j(0), or, its expectation 1(60) which is the Fisher
information. The naive theoretical development as referred earlier in
this chapter, seems to indicate use of the Fisher information matrix,
but extensive experience and theory really gives the opposite answer,
that the observed information j(0) should be preferred. One key pa-
per in this development is [17] and a book discussing this issue at
length is [7]. In a particularly well-behaved family of models, the flat
(or full) exponential family models, we have the identity i(6) = j(0).
If we are using numerical methods to maximize the likelihood, then
it is easy to calculate j(0): It is just the negative of the Hessian at
the maximum! The issue with composite likelihood is more compli-
cated. The curvature of the log composite likelihood function at the
maximum is not enough to characterize the variability of the maxi-
mization estimator. To estimate the Godambe information matrix,
we need to estimate its two factors, the sensitivity matrix V(0) and
the variability matrix J(0). Suppose the composite likelihood is based
on N independent observations, and that the number of components
in the likelihood is m. We follow the paper in discussing the two
cases:

(1) n large, m fixed.
(2) n small (possibly n = 1), m large, not necessarily fixed.

The first case is the easy one. The sensitivity matrix can be calculated
via the Hessian matrix of the composite log likelihood, evaluated at
its maximum:

~ ] &

75 Vo) =—)Y "B,y
(75) () == 3 et6u)
or via the alternative expression,
A l & w— A VoA
(76) VIO =—D > clV@ywlel By’
i=1 r=1

Validity follows from the identities (14), which are valid for each com-
ponent likelihood, since each component is a true likelihood. Here y;,
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for r = 1,...m indexes the part of data used in component r of the
component likelihood, for the ith observation. This formula can also
be used in the case with small n.

To get a sample estimate of the variability matrix J(0) is more
difficult. In the large n case we can use the empirical variance of the
composite score vectors, which is

AN ] o A A
(77) j(o) = E;cl’(e,yi)cl’(e,yif
where cl’ is the gradient of the composite log likelihood, that is, the
composite score. This can be very imprecise if n is not large, as al-

ways for a variance estimate based on few observations.

An alternative approach is to use a jackknife estimate, that is,

A _1 AN(_i AN A A
(78) Varjack(e) = nT (9(—1) _ 9)(9(—1) . G)T
i=1

where 8-V is the maximum composite likelihood estimate with ob-
servation i omitted.

But what to do in the low-n case, especially in the extreme case
n = 1, which is our applied case, since we have only one observation
of our spatial random field! These proposals are not of much use, es-
pecially not the jackknife estimate, which is not even defined. For us
to have any hope of success, we must have some internal replication
within our observed random field. Assuming that, there are several
possibilities. We could divide the data into several (possibly overlap-
ping) groups, and then use the empirical variance estimate based on
the composite score vectors for each group. This could possibly be
approximated, using the full-data estimate as a starting point, and
then use one step of a Newton algorithm within each group. Another
possibility is to use parametric bootstrapping, or we could even simu-
late data from the estimated model, and use a Monte-Carlo estimate,
given by

15 "
me(0) =z > (cl'(Bry™) (e Gy™))’
b:1
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where y,...,y® are B Monte-Carlo simulations from the fitted
model, or we could even use direct estimation of the covariance matrix
of O based on simulated replications from the fitted model. But note
that such a simulation-driven estimation would be more dependent
upon the assumed model, and less data-driven, countering the basic
philosophy behind the use of sandwich-type variance estimation.

5. Applications to Spatial Predictin — Kriging

Our application to spatial prediction is for the case of tensors, and
will need the results of the chapters (2) and (3), so will be presented
in chapter (4).

6. Geometry of Tensors

The space of tensors, that is, m x m positive definite matrices, has
an interesting geometry which might be useful. Let us write P*(m)
for the space of tensors. This is not a vector space, but it can be
seen as a cone within the vector space P(m) of symmetric m x m
matrices. The book [4] have a chapter dedicated to the geometry of
positive-definite matrices. Moakher has published a lot of interest on
the geometry of tensors, see [49], [48] and [47].

It is possible to make P*(m) into a vector space, using a met-
ric called the log-Euclidean metric. This theory is presented in the
works [54], [55] and [56] and [1]. This way P*(m) can be made into
a Riemannian manifold with a flat metric. We will not review this
theory here, since we will not have any use of it. The cited papers
use it as a basis for simple interpolation algorithms in the context of
image analysis. It could possibly have been used as a basis for kriging
of tensors, but we have choosen not to follow that idea.

We will review another way of giving the tensor space a geometry.
In the following we will be following [56]. Another related work is
[30]. The tensor space P*(m) can be seen to be a homogeneous space
of the Lie group §£(m). G£(m) is the matrix group consisting of all
real m x m invertible matrices. A homogeneous space is a set (or, as
in this case, a manifold) with a transitive group action defined on it.
The acting group in this case is the group of invertible m x m matrices,
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GL(m). The action is by conjugation. Let us write the action as a
centered dot -, to distinguish it from matrix multiplication:

(79) 9-p=g9pg’

with p € PT(m), g € GL(m). Observe that the isotropy group of
the identity matrix I € P*(m) is the orthogonal group O(m). We
could alternatively define the acting group as the subgroup of G£(m)
consisting of matrices with positive determinant, which we write as
GL*(m). The action is still transitive in this case. In this case the
isotropy group of the identity is the special orthogonal group, SO(m).
By general results for group actions*, we can write P*(m) as a quo-
tient of groups,

(80) P (m) = GL(m)/0(m) = GL (m)/80(m).

We can give PT(m) the structure of a Riemannian manifold by defin-
ing a metric on the tangent spaces. We can use the homogeneous
space structure by simply defining a metric at the tangent space of
the identity matrix, and then transporting it to the other tangent
spaces by the group action. The tangent space at the identity is
simply the vector space of symmetric matrices, P(m). At the iden-
tity, define an inner product by < x,y >= Tr(xy) ([56] gives some
more possible definitions, which we will not explore). We can use
the action of G£(m) to transport this inner product to other points
of P*(m). Let p € P*(m) and define g = p~'/%, where we use the
symmetric square root. It follows that g-p = I,,. So we can define
<%y >p=<gxg',9yg" >1= Tr(gxg'gyg') = Tr(p 'xp'y). This
construction is really an example of a Cartan Moving Frame. This
way we can find the geodesics in P"(m). One result from the differen-
tial geometry of homogeneous spaces establishes that, for an invariant
metric, the geodesics are generated by the one-parameter subgroups
of the acting group, see [29]. As the one-parameter subgroups of
GL(m) simply are given by the matrix exponential, the geodesics
emanating from the identity have the form Ijw,(t) = exp(tW), and
the other geodesics can be obtained by translation. This way we can

“In these days the easy way out is simply to give Wikipedia as a reference for
this general result!
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finally obtain the Riemannian exponential map at each point, given
by

(81) expy (W) = L2 exp(Z/2Wxr1/2)L1/2

Now we can obtain the Riemannian distance by integration, or more
simply, by the norm of the initial tangent vector of the geodesic join-
ing the two points (and reaching in time 1). This gives:

(82) dist?(Z, A) = || logs (A)||2 = Tr(log(Z~2AL71/2)?)
where the Riemannian logarithmic function is given by
(83) logs(A) = £ log(Z72ALVH) L2,

where the Riemannian logarithmic map is the inverse of the Riemann-
ian exponential map, and in the expression above we have used the
(principal) matrix logarithm. In the following we will discuss means
of tensors. But first we need to give some necessary background, be-
fore we can define a mean on a Riemannian manifold.

Now let M be a (connected) Riemannian manifold, x a point on
M and the tangent space at x is M. Let x{j be a point in T,M.
The exponential map at x is the map sending the tangent vector xy
to the endpoint of the geodesic emanating from x in direction Xy
and reaching at time 1. The maximum domain of definition of the
exponential map at x is a star-shaped set delimited by a continuous
curve in TyM denoted by C, and denoted the tangential cut locus.
The image by the exponential map of the tangential cut locus C, is
the cut locus C,. To fix ideas, take as a simple example the circle
S'. For a point x on the circle, the cut locus is its antipodal point.
In general, the cut locus G, is the closure of the set of points where
several different minimizing geodesics emanating from x meet. In the
circle example, if we take the circle as of radius 1 with its metric as
the metric as embedded in the Euclidean plane, the tangential cut
locus will consist of the endpoints of the interval [—, 7.

The exponential map within its domain realizes what is called the
exponential chart. It covers all of the (connected) manifold except
for the cut locus, which has null measure. In this chart, geodesics
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emanating from x are straight lines, and the distances from the ref-
erence point are conserved. This chart is somehow the “most linear”
chart of the manifold with respect to the reference point x. Again,
to fix ideas, for the circle example, the exponential chart at x can be
seen as obtained from “cutting” the circle at the cut locus, that is,
the antipodal point of x, and then unrolling the circle so it becomes
flat. The distance from x in this exponential chart corresponds to the
angle between two points (where of course we take the arc connecting
the two points and not containing the cut locus).

[56] gives the following table which can be used as a dictionary for
“¢ranslating” algorithms from the vector space setting to the manifold
setting:

Operation Vector space Manifold
subtraction XYy=y—x xy = log, y
addition y=x+xy y = exp, (X7)
distance dist(x,y) = [y —x|| dist(x,y) = [|XU]|x
mean value (implicit) > XX =0 > log,xi =0
gradient descent Xtre = Xt — €VC(xt) Xt1e = exp,, (—eVC(xy))
linear (geodesic) inter- Xt = X1 + tx1%2 Xt = €xXpy, (tx1%2)
polation

Now, how can we define a concept of mean or average on a man-
ifold? Remember that on the real line, the average of n points
X1,...,Xn Can be obtained as the minimizer of the variance function
¢ — Y i ,(xi —c)*. This same idea can be used on a Riemannian

o

manifold, and is then called the Fréchet mean. It is defined as “a
minimizer of the variance functional

n
(84) ¢ Y dist(c, )%

i=1
We must say “a” mean, because on a general manifold there need not
be uniqueness. As a simple example showing this, take again the cir-
cle, n = 2, and let the two points be the north and the south pole.
Then, following Winnie Pooh, there are two minimizers, namely the
east and the west pole! We can generalize this to a mean of order-
o > 0 by considering minimizers of ¢ — ) |, |dist(c,x;)|*. The case
« = 1 is called the geometric median. Take again the circle example
with n = 2, the north and south pole. Now all the points on the circle
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are minimizers!, showing a quite extreme non-uniqueness. Papers on
the Fréchet mean are [33], [65] and [37].

Karcher [34] proposed to consider as means not only all the global
minimizers, but all the local minimizers of the variance functional.
This new set of means he called Riemannian centers of mass. Using
this new definition, [34] and [35] were able to establish existence and
uniqueness theorems for distributions on the manifold with a com-
pact and small enough support.

The tensor space, with the geometry we have introduced, is a
space of non-positive sectional curvature. Such a space is called a
Hadamard space, the condition on the curvature has the effect that
geodesics are diverging, thus are never meeting, and the cut locus
is the empty set. For such spaces the variance functional is always
convex, so has a unique minimum. A proof of this is contained in
[10, Proposition 9.2.20]. The curvature of the tensor space can be
calculated from information in [49].

The paper [18] proposes to use exponential barycenters, that is,
the point at which the mean in the local exponential chart ) " | xX; =
0. If the support of the distribution is contained in a strongly convex
open set, he shows that the exponential barycenters were the critical
points of the variance. They are then a superset of the Riemannian
centers of mass that includes the Fréchet means. For the special case
of the tensor space, by the results mentioned above, the exponential
barycenter is unique and coincides with the Fréchet mean.

This idea can be used for interpolation. The linear kriging pre-
dictor of form Z]i\':] «;Y; can be replaced by a weighted Fréchet mean,
that is, minimizer of the weighted variance functional

N
(85) ¢ Y alxo)dist(c, Yi)2.

i=1
Then the interpolated (or kriged) value at x, can be constructed as the
minimizer of this functional, for some “optimal” weights o;(xo). How-
ever, it is not easy to see how such a program can be implemented,
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and some approximations would probably be necessary. Therefore
we decided to follow the other route, via construction of unbiased
prediction functions as outlined in earlier sections.



CHAPTER 2

The Wishart Random Field Model

In this chapter we develop the stochastic model which will be
used as a basis for construction of a methodology for interpolation of
tensors. Let D be a domain (open, connected set) in RY, where d is
typically 2 or 3. In D is defined a random field of tensors, that is, a
random function D — P (m), so for each spatial referent x € D there
is associated a tensor Y(x). In our applications, D will represent some
region of interest on a geological map.

We will construct this random field from n independent and iden-
tically distributed Gaussian random fields of m-vectors, defined on
D, which we write as Si(x),x € D,i = 1,...,n. These Gaussian
random fields all have mean zero, covariance matrix X, an m x m
positive definite matrix given as £ = E(S;(x)S;(x)"), for all i and all
x € D. Finally, for the spatial correlation structure, we specify an
intrinsic multivariate correlation model, see [73, Chapter 22]. This is
also called an separable covariance model. This means that all the m
components of the vector S; have the same spatial correlation func-
tion, p(h) = 1—y(h) where y(h) is a variogram function, which is also
the cross-correlation function between any pair of components. We
suppose here that there are no delay effects, such that the correlation
can be described by a variogram. Of course delay relationships are
not consistent with an intrinsic correlation structure. The variogram
is given by

(86) 2y(h) = E((S(x) — Sij(x + h))?)

for x,x +h € D, j = 1,...,m. Here S; is the jth component of
vector S;. We will work with an isotropic variogram, so that we have
v(h) = vy(||h]])). But the construction will work with a general, not
necessarily isotropic, variogram, only that we will not explore that

41
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possibility in this work. So the specification is completed by
(87) B(Si(x)Si(x + 1)) = Zp(h).

The random tensor field is then constructed by
(88) Y(x) =) Si(x)Si(x)".

By this construction the degrees of freedom parameter n is restricted
to be a positive integer, but the model gives meaning also for frac-
tional values of n. For the tensors to be non-singular it is clearly
necessary that n > m. Note that the Gaussian random fields S;(x)
introduced here are latent variables. They do not represent, by them-
selves, meaningful information, in particular, they do not represent
observable variables. They are used here for the purpose of construct-
ing the Wishart random field model, and will not play an individual
role in the methodologies we are to develop based on this model.

We can easily simulate data from this model, on a set of spatial
locations xi,...,xk. Let hjy = x; —x;, the spatial separation between
locations x; and x;. Then define a K x K covariance matrix H by
letting the element Hj = p(h;), the spatial correlation between the
sites. Then define the Gaussian random matrix S; which isa K x m
matrix, to have row k given by Si(xx)', the random m-vector S; at
location k. S; has the matrix normal distribution Ny.,(0,H® X), see
[50, Chapter 3]. This means that the random vector vecS/ has a
multinormal distribution with expectation zero and covariance ma-
trix H ® X. Here ® represents the Kronecker product of matrices.
The way of thinking about this is that X represents the covariance
within each sample (at each site), while H represents the correlation
between sites. Using this representation we can sample the S; using
standard algorithms, and then form the Wishart distributed tensors
at location k = 1,...,K by the sum Yy = Y ', Si(x)Si(xi)". Indi-
vidually each of these tensors has a Wishart distribution with scale
matrix X and degrees of freedom parameter n. Since the underlying
Gaussian fields are spatially correlated, it is clear that the tensors will
have a spatially correlated distribution.
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lat

FiGURE 1. A simulated tensor field. The parameters

o 10505
used was n = 10 and a scale matrix given by (8? o 03 ) .

To investigate this distribution, we concentrate on the pair-distribution
for any pair of two distinct sites. For simplicity we write them
x7 and x,, with separation vector h. We write the vectors S;(x;)
and Si(x;) at the two sites together as one vector of length 2m,
(Si(x1)",Si(x2)")T =S!. Then we can form the sum

(59 >SSy
i=1

which can be seen to have the form

(90) Sy Six)Six) T Y Si(xa)Si(x2) T _ (Y Yi
S Six2)Six) T Y Si(x2)Si(x2) T Y, Y

and we can recognize the Wishart-distributed tensors Y; and Y, in
the block diagonal position. This (2m) x (2m) random tensor has
a Wishart distribution with n degrees of freedom and scale matrix
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p(hE =
such 2m x 2m-tensors, we only observe the two diagonal blocks. The

off-diagonal block is an artifact of our method of model construction,
so to be able to use this model we need to decide what to do with

( ez > The problem is that our observed data do not contain

the off-diagonal blocks. One idea is to eliminate it as part of the
estimation process, for example by using an EM-algorithm, see [53].
We have experimented with this, and could not get it to function
well, so decided to try another approach. That is to integrate out the
off-diagonal blocks from the Wishart density, so as to obtain the mar-
ginal distribution of the two diagonal blocks. That will be reported
in chapter 3.

Having obtained that marginal distribution, which effectively is a
distribution of two correlated Wishart matrices, we can use the pair
composite likelihood approach to estimate parameters, and further to
construct predictive likelihoods. That will be the content of chapter 4.

We will show a few more simulated tensor fields. For the spa-
tial correlation structure, we will use the exponential, spherical and
gaussian variograms, see [73] for the definitions. We simulate over a
10 x 10 grid with grid spacing of 2, we use correlation functions with
range 3 and without nugget effects. Finally, we use for all the simula-
tions n = 10 degrees of freedom, and two different scale matrices, an
identity matrix and an equicorrelation matrix with diagonal elements
1 and off-diagonal elements 0.5.

Note how the simulated fields with an equicorrelation scale matrix
with correlation 0.5 visually looks more spatially continuous than the
corresponding simulations with an identity scale matrix. This is a
purely visual effect, due to the random changes in a round ellipsoid
visually appearing as a larger change, it appears that the ellipsoid has
changed form. The flatter ellipsoid resulting from the equicorrelation
matrix (with one eigenvalue equal to 2 and the others 0.5) appears
to have a more stable form.
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FIGURE 2. A simulated tensor field. The parameters

used was n = 10 and a scale matrix given by the identity
matrix, and exponential variogram.

FIGURE 3. A simulated tensor field. The parameters

10505
used was n = 10 and a scale matrix given by (o 5 o 015)

and an exponential variogram.

We will show a series of simulated tensor fields where only one
parameter is changed, the degrees of freedom parameter n. We do
this to show how the tensor geometry becomes less variable when n
increases. When n = 1 or n = 2 the tensors are singular, that is,
the ellipsoid has volume zero. We do not plot this case, so we start
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FIGURE 4. A simulated tensor field. The parameters
used was n = 10 and a scale matrix given by the iden-
tity, and a Gaussian variogram with (practical) range

FIiGURE 5. A simulated tensor field. The parameters

o 10505
used was n = 10 and a scale matrix given by (82 o 03 ) ,

and a Gaussian variogram with (practical)range 3.

with n = 3 and increases n up to 20. In all cases the scale matrix
is the equicorrelation matrix used above, with off-diagonal elements
all equal to 0.5. The simulations are done on a 20 x 20 regular grid,
using a sperical covariance with range equal to 3, and a very small
nugget effect (0.005).
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FIGURE 6. A simulated tensor field. The parameters
used was 1 = 10 and a scale matrix given by the iden-
tity, and a spherical variogram with range 3.

FIGURE 7. A simulated tensor field. The parameters

. 10505
used was n = 10 and a scale matrix given by (8? o5 03 ) ,

and a spherical variogram with range 3.
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FIGURE 8. A simulated tensor field. The parameters
used was n = 3 and a scale matrix given by an equicor-
relation matrix, and spherical variogram.

long

FIGURE 9. A simulated tensor field. The parameters
used was n =4 and a scale matrix given by an equicor-
relation matrix, and spherical variogram.
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FIGURE 10. A simulated tensor field. The parameters
used was n = 5 and a scale matrix given by an equicor-
relation matrix, and spherical variogram.

FIGURE 11. A simulated tensor field. The parameters
used was n = 7 and a scale matrix given by an equicor-
relation matrix, and spherical variogram.
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FIGURE 12. A simulated tensor field. The parameters
used was n = 10 and a scale matrix given by an equicor-
FicURE 13. A simulated tensor field. The parameters
used was n = 15 and a scale matrix given by an equicor-

relation matrix, and spherical variogram.

and spherical variogram.

)

relation matrix
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FicUure 14. A simulated tensor field. The parameters
used was n = 20 and a scale matrix given by an equicor-
relation matrix, and spherical variogram.






CHAPTER 3

The Marginal Distribution of the Diagonal Blocks
of a Blocked Wishart Random Matrix

1. Introduction

This chapter is based on the paper [28]. The goal of this paper
is to find a useful form for the marginal distribution of the diagonal
blocks of a 2 x 2 blocked Wishart random matrix. This problem arises
in an applied problem, to estimate the parameters of a Wishart ran-
dom field using composite likelihood methods, which will be reported
elsewhere.

Let A be a 2m x 2m Wishart random matrix, where each of the
blocks are of size m X m, where in our intended application m will
be a small integer, typically m = 3. Write A = </QT‘2 /X; )

Denote the number of degrees of freedom by n and the scale pa-

rameter, which is blocked in the same fashion as A, by £ = <yir‘2 ):}:122 ) .

We are mostly interested in the special case L = (pzfo pio) where the

absolute value of p is less than one, but the general case dos not seem
to be more difficult.

All matrices are real. Notation: we use Tr(A) for the trace of the
square matrix A, and etr(A) = exp(Tr(A)). We write P"(m) for the
cone of real m x m positive definite matrices, and we write O(m) for
the orthogonal group, that is, the set of m x m orthogonal matrices.
The Stiefel manifold, that is the set of n x m column orthogonal ma-
trices, is written V., ,. Note that V,, ,, = O(m).

In the cone of positive definite matrices, we use the cone order
(also called the Loewner order), defined by A < B meaning that
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B — A is positive definite, written B— A > 0. Integrals over cones are
written as fé g(A) (dA) meaning the integral is taken over the cone
0<A<L

The multivariate gamma function is defined by

(91) Mw(a) :J etr(—A) det(A)*det(A)" ™12 (dA)
A>0

for R(a) > (m —1)/2. We can show this is equal to

i—1
2

m
Mm(a) =™ AT M- )
i=1

for R(a) > ™, which is proved in [50].

For more information on integrals, the notation for differentials
and Jacobians, see the appendix to this chapter on page 65. The sin-
gle most important reference for background material for this paper
is [50].

Let us state our main result:

THEOREM 1. (The Marginal Distribution of the Diagonal Blocks
of a Blocked Wishart Random Matriz) Let A = (/QT]Z /X;) be a
2m x 2m blocked Wishart random matriz, where the blocks are
m x m. The Waishart distribution of A has n > 2m degrees of
freedom and positive definite scale matriz L = <§1T‘2 Zg;) blocked
in the same way as A. The marginal distribution of the diagonal

blocks Ay and A; has density function given by

1
2m (n/2)Tn(n/2) det(Z)/2

(92)

1
etr (—z(z;‘m +FTCFA + C;‘Az))

det(A;) "2 det(Ay)" 2 oF, ( .

where C; = L,—XnX;'51y, F=C'ILE ! and G = TAYPFTAFAZ.
oF1 1s the generalized matriz-variate hypergeometric function de-
fined later.
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The rest of this chapter consists in a proof of this theorem. For
completeness, we also state a version of the result for the case where
the blocks are not necessarily of the same size:

THEOREM 2 (The Marginal Distribution of the Diagonal Blocks of
a Blocked Wishart Random Matrix with Blocks of unequal sizes). Let
A= (sz 1‘;) be a m x m blocked Wishart random matriz, where
m = my+m, and the diagonal blocks are of size m; x my; and m; X
m,, respectively. Write r = min(my, m;) and s = max(my, m;).
The Wishart distribution of A has n > m degrees of freedom and
positive definite scale matriz L = < Z):]le 22122) blocked in the same
way as A. The marginal distribution of the two diagonal blocks

A; and A, has density function given by

2™ (n —5)/2)
20521 (n/2)Ts(s/2)T((n + 1 — 5)/2) det(£)/2

(93)

1
-etr {—E(Z]UM +F'C,FA; + C]Az)} det(Aq)nm—1/2

/2 G
s/2,(n+1r—s)/2
and where the notation not given here corresponds to the one in
the first theorem.

det(Az)(nimzin/z 1F2 (

2. A Wishart block matrix

The Wishart density function is, for our case,
1
(94) c- etr(—z):_]A) det(A)Y

where ¢ = (2™, (n/2) det(Z)“/Z)fl, y=221n>2mand A is
positive definite. (If A is not positive definite, the density is zero, a
fact which will be understood hereafter).

The following simple facts will be useful. They are shown us-
ing standard formulas for block matrices. Introduce the following

notation: The Schur complements of ¥ = <ZZ1T12 y;;) are C; = Xy —

T35, 5y and C; = £, — 15, 'Zy,. Then define F = C;'S,5;
a: det(X) = det(X;) det(C;) = det(X;) det(Cy).
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I+ FTCFE —FT
—F ')
c: TS 'A=Tr (;'A1 + FTCFA —FTA], = FA;, + G, 'Ay) =
Tr (Z1A1 + ZIZATZ + ZUTA]z + ZZAz) .

d: det(A) = det(A1) det(Az — Az]AfA]z) = det(Az) det(A1 —
AnAS Ay)

Using this we can rewrite the density from (94) as a function of the
blocks:

1
(96) C - exp (_Z Tr (£,'A + FTCFA —FTA, — FA; + C21A2)>
-det(A;)Y det(A; — ApAy Ap)Y

In the following we will work with the density concentrating on the
factors depending on A;,. To prove the theorem we need to integrate
out the variable A;,. The other variables, which are constant under
the integration, will be concentrated in one constant factor. So we re-
peat the formula (96) written as a differential form with the constants
left out, indicating the intention to integrate over A;;:

:
(97) K - etr(z(FTAI2 +FA1y)) det(A; — ApAS T Ay)Y (dAG)

where K; = ¢ - etr (%(ZT1A1 +F'C,FA, + CZ_IAZ)) det(A;)Y. Now, to
find the marginal distribution of the diagonal blocks, we need to inte-
grate over the off-diagonal block A;;. Under this integration the value
of the diagonal blocks A; and A, will remain fixed, and the region of
integration will be a subset of R™*™ consisting of the matrices A;;
such that the block matrix A = ( :]T]z /X; ) is positive definite. This
seems like a complicated set, but we can give a simple description of
1t using the polar decomposition of a matrix. Note that this is one of
the key observations for the proof, and this author has not seen any

use of this observation earlier.
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The region of integration is the set
(98) {A € R™™: 0 < ApA, A, < A}

Introduce D = Aqu_]/ ? where we use the usual symmetric square
root, given by A)? = UA'2UT where A, = UAU" is the spectral
decomposition. Then in terms of the new variable D the region of
integration becomes

(99) DeR™™:0<DD' <A;}

and with the polar decomposition D = PU with P € P*(m),U €
O(m), DDT = PUUTPT = P? so the region of integration can be
written as

(100) (PP (m),UcO(m):0<P*<A}

which is a Cartesian product of a cone interval with the orthogonal
group.

One way to understand this result is as follows: We want to inte-
grate over all matrices D such that DD belongs to the cone interval
(0,A;). D is a square root of DD, it is clear that any other square
root will do as well. Let E be another square root of DD, that is,
DD'" = EET. It is clear that the product of D with an orthogonal
matrix Q, DQ, will be another square root, and we ask: Do all square
roots arise in this way? Indeed, they do: If D and E are two different
square roots, define Q = D 'E. Now a simple calculation confirms
that Q is orthogonal: QQ" = D'EE'D"" = D'DD'D"" = L
This fact, that all square roots are orthogonally related, is sometimes
described as unitary freedom of square roots. So, the region of inte-
gration consists of all the square roots of all the members of the cone
interval (0, A;). That this is a Cartesian product as described above
is a simple consequence of the unitary freedom of square roots.

In the following we will, by using successive transformations, get
the density into a form we are able to integrate. The necessary Jaco-
bians can be found in the appendix to this chapter, on page 65.
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Write D = A, ZAZ_]/ % where here and elsewhere we use the symmet-
ric square root. It follows that A;;A;'A], = DD and the Jacobian
is (dD) = det(A;) ™2 (dA,), see lemma (121) in appendix to this
chapter. Using this the form (97) becomes

(101) K, - etr(DAY?F) det(A; —DD")" (dD)

where K, = K; - det(A,)™?. Now define E = Af]/zD with Jacobian

(dE) = det(A;) ™2 (dD), see lemma (121). The form (101) becomes
(102) Ks - etr(A]*EAY?F) det (I — EET) (dE)

where K3 =K, det(A1 )y-&-m/l'

Finally, we introduce the polar decomposition of E, E = PU, where
P € P*(m) is a positive definite matrix and U € O(m) is an orthog-
onal matrix. This transformation has a non-trivial Jacobian which
again can be found in the appendix to this chapter (lemma (125)) as
(dE) = [[Z;(Ds + Dj) (dP) (U"dU) where Di,i = 1,...,m are the
eigenvalues of P. With this transformation the integral of (102) can
be written as

(103)

m

I
Ks'J J etr(Ay*PUAYF) det(1— P?)Y [ [(D: + Dy) (dP) (U'dU)
which we can write as an iterated integral as

(104)

I m
Ks-J [ [(Di+D;) det(1—P?)" (dP)J etr(A;*PUAY?F) (U'dU).
0 O(m)

i<j

We are ready to perform the integration over the orthogonal group.
For this purpose we need the following result from [50, Theorem 7.4.1,
page 262], which we cite here.

Let X be an m x n real matrix with m <n and H = [H;: H,] an
n x n orthogonal matrix, where H; is n x m. Then

_ o™
(105) Jo(n) etr(XH1) (dH) = 0F1 (Tl/z ZXX > .
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The special case that we need for the main theorem is for m =n and

1
-XX"
4 >

where (dH) denotes Haar measure on O(m) normalized to have unit

is given below:

m/2

total mass.

Here oF; denotes the generalized matrix-variate hypergeometric
function, which is discussed in chapter 7 of [50]. We give the defini-
tion here:

DEFINITION 1 (Matrix-variate hypergeometric function). The gen-
eralized hypergeometric function of symmetric matrix-variate argu-
ment X are given by

ary...,qp
107 F
( ) P q(b])...)bq

where ), denotes summation over all partitions of the integer k

s (ar)c. .. (ap) Cc(X)
X) kZ_O % (br)c...(bg)c k!
into no more than m parts, k = (K1, K2, ..., K) Where k; > k3 > -+ >
Km > 0, K1 4+ -+ -+ Ky = k. Cy is the zonal polynomial of argument X
corresponding to the partition k of k, and the generalized hypergeo-
metric coefficient (a), is defined as (a) = [[{%;(a— %(i— 1))«, where
(a), is the rising factorial (a)y = ala+1)(a+2)...(a+k—1) and
(a)o = 1. The argument X is a symmetric m x m matrix and the
zonal polynomial is a symmetric polynomial in the eigenvalues of X.
Note that if the matrix argument X is a symmetric positive definite
matrix, then the value of the zonal polynomial is positive. This is
[50, corollary 7.2.4].

The matrix-variate hypergeometric function is a formal general-
ization from the classical hypergeometric function, based on simply
using, in some sense, the same series expansion as a definition. It
is not clear at all if other properties generalize. A good, modern in-
troduction to the classical hypergeometric function is the book [58].
For efficient calculation of the matrix-variate hypergeometric func-
tion, see [36].
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The zonal polynomial (and thus the hypergeometric function) can
be extended to an argument which is a product of symmetric ma-
trices (one of which is positive semidefinite) by defining C,(XY) =
C«(X"2YX'/2) and in this way we can extend the definition to non-
symmetric matrices. This definition does not extend to all square
matrices. As shown in [67], all square matrices can be written as a
product of two symmetric matrices, but it is not possible to always
choose one of the factors as positive-semidefinite.

Since the eigenvalues of products of matrices is invariant under
cyclic permutations of the factors in the product, we have C,(XYZ) =
C(YZX) etc, a fact which is very useful for manipulation of expres-
sions. One basic property of the zonal polynomials is that (Tr X)* =
> 1 Cc(X), using this it is easy to see that

oFo (’ X) = etr(X).

Another special case is |F, <a‘ X) =det(I —X)°.

Convergence properties: The series converges absolutely for all X
if p < q, and it converges for ||X|| < Tif p = q+1. In all other cases it
diverges, unless it terminates. It will converge for the cases we will be
using. More information about zonal polynomials and, in particular,
everything we need, can be found in [50]. A more comprehensive,
but still readable, introduction to zonal polynomials is [68].
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Returning to our integral, the integral over the orthogonal group
occurring in (104) can now be written as

(108)
J etr(A;?PUAY?F) (U'dU)
O(m)

:Vol(O(m))J etr(A)/*PUA)F) (dU)
O(m)

:Vol((‘)(m))J etr(A)*FA;?PU) (dU)

O(m)

1
—A;/ZFA}”PZA}”FTA;“)

m/2

= Vol(O(m)) oF4 < 1

where we did use (106). Here Vol(O(m)) = % is the volume of
the orthogonal group, that is, Vol(O(m)) = fo(m) (u"du), a result
which can be found in [50]. Note that the differential form (U"dU)
is an invariant differential form on the orthogonal group, invariant
means that it is invariant under right and left translations defined by
U~ UQ and U — QU for Q € O(m). This is in fact the famous
Haar measure for the orthogonal group. To show invariance calculate
(QU)T(d(QU)) = (UTQTQ(dU)) = (UTdU) since Q is orthogonal.
(A somewhat more involved calculation works for translation on the
right). The differential form (dU) denotes Haar measure normalized
to total mass unity. Also note that since the orthogonal group is
compact and we are integrating a continuous function, there are no
problems with existence of the integral.

Now write G = %A}/ZFTAZFA}/Z then we can write (104) as
(109)

I m
K3 VOI(O(TTL))JO H(DI—FDJ)det(I—PZ)YoF] (m/z

GP2> (dP)

i<

and to evaluate this integral we need another result from [50, theo-
rem 7.2.10, page 254]:
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If Y is a symmetric m x m matrix then we have
I
(110) J det (X) ¢~ MF1/2 det (I — X)P~m+D/2C (XY) (dX) =
0
(@)« Twla)ln(b)
(a+Db)c Mu(a+b)

Cu(Y)

for R(a) > =1, R(b) > -

We can immediately use this to find a result we need for the
integral of an hypergeometric function, by using the series expansion
definition of the hypergeometric function and integrating term by
term:

THEOREM 3. If Y 1s a symmetric m x m matriz we have that

(111)
I
J det(X) (m+1) /Zdet(I X)b—(m+1)/2qu (ah-.-)ap XY) (dX) _
0 b])...,bq
Tw(a)Tm(b) F iy dpy @y
Mm(a+b) P9 \by,... b a+b

so both degrees of the hypergeometric function are raised by one.

Let us show the details of this calculation:

(112)
: (m+1)/2 b—(m+1)/2 Ary...yQp
det(X)*™ det(I — X) pFq XY | (dX)
0 byy..., bCI
I
(m+1)/2 —(m+1)/2 ‘11 « Ce(X)
L det(X)* det(I—X)® ZZ " (dX)

k=0 «kFk

= I
Z Eg:t—ggziz JO det(X) (m+1)/2 det(I X) (m+1) /2% (dX)

i (a1)»<--~(ap)»< (a)K rm(a)rm(b)CK(Y) _

(b1)|< v (bq)K (Cl + b)K rm(a+ b)

rm(a)rm(b) F aly...,qpyQ
Mm(a+0) P9 \by,... b, a+b
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We transform our integral one more time, writing X = P? with Ja-
cobian (dX) = H1<](D + D;) (dP) where again the D; are the eigen-
values of P, see lemma (124) in the appendix to this chapter. The
integral (109) becomes

(113)
I m m m -1
Ks -Vol(O(m))J H (D:i + Dj) H (1—D3)Y (H(DH—DJ'))
0 iqj j=1 i<j
oFq <m/2 XG) (dX).

Look at the product of eigenvalues in the integral, it simplifies to

" (1= DY)

which we can see to be the determinant of the diagonal matrix (I —
Q?*)YQ ! where Q is the diagonal matrix with the eigenvalues of P on
the diagonal. Since X = P?, this is the same as det(I—X)Y det(X)~"/?,
and the integral (113) becomes

(114)

1
Ks - 2™ Vol(O(m)) JO det(X) "2 det(I — X)Y oF; (m/Z

xe) (dX)

and now using (111) we get, finally, the result

M (m/2)Pn(y + (m+1)/2)

(118) K3 - 277 Vol(O(m) ——— 7=

G)
but note that one pair of upper and lower arguments to the hyper-
geometric function are equal, those clearly cancels. We can do a last

P m/2
"\ m/2,y+m+1/2
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simplification, calculating

M((m—m)/2) Tmn/2—m/2)
W) Th D~ G2
amm-1/Ar (/2 — m/2)T(n/2 —m/2 —1/2)
2mZm=D/4T(n /2)T(n/2 —1/2)
...T(n/2—1/2)
.. T(m/2—(m—=1)/2T(n/2—m/2)...T(n/2—1/2)
1
v /2r (n/2)

This completes the proof of our main theorem.

We will not give the complete proof of the general version the-
orem 2, but only indicate the few differences. The main difference
is related to the polar decomposition used in (103), which we must
replace with the less known generalized polar decomposition for rect-
angular matrices. Let C be an n x m rectangular matrix with n < m.
Define the positive semi-definite matrix H = (CCT)"2. Now define
U by C = HU where U is an n x m matrix. First, in the case
that H is non-singular we can write U = H™'C and then calculate
uu’™ = H'"CCTH™" = H'"H?H™" = I,,, which shows that U" is a
column-orthogonal matrix. In the case that H is singular we can sim-
ply take the limit of non-singular matrices, using the fact that the
non-singular matrices forms an open dense set. This is the general-
ized polar decomposition for rectangular matrices. See [31] for this,
and some more generalizations.

Using this, we are led in the same way as before to an iterated inte-
gral, but now the integral over the orthogonal group is replaced by an
integral over the Stiefel manifold, and we need now to generalize the
result (105) to an integral over the Stiefel manifold. What we need is
the following. Let V., be the manifold of n x m column orthogonal
matrices with m < n, and let f be a function defined on the Stiefel
manifold. We can extend this function to a function defined on O(n)
in the following way. Let U be an n x n orthogonal matrix, and write
it in block form as [U;: U,] such that U; € V,,,,. How can we charac-
terize the set of U, which is complementing U; to form an orthogonal



3. APPENDIX: JACOBIANS 65

matrix? First, let U, be a fixed, but arbitrary such matrix. Then
clearly any other n x (n—m) column orthogonal matrix with the same
column space also works. The common column space is the orthog-
onal complement of the column space of U;. The set of such matri-
ces can be described as {V € Vo_yn: V= WQ for Q € O(n—m) |
For this set we write Vﬁlm’n. As a set we can identify this with
O(n — m). Specifically, we can identify U, with the very special
column orthogonal matrix Omxé‘*‘“) where Q € O(n — m) which
clearly forms a proper submanifold of the Stiefel manifold Vi n.
The function f can now be extended to the orthogonal group by

defining f(U) = f([U;: U,]) = f(U;) and for the integral we find that

(117) L( )f(H1) (H"dH) =

Jvmn LH £([Hy: Hy)) (HTdH) =

n—m,n

| o otan) | @aq) -

m,mn n—m,n

Vol O(n —m) J f(Hy) (Hy dHy) .
Vin,n

With these changes the proof goes through with only minor nota-

tional changes.

3. Appendix: Jacobians

When doing change of variables in a multiple integral we need to
know the Jacobian. In this appendix we will list the ones we need,
most can be found in [50] or in [44]. We are following the notation
of [50]. First a very brief summary.

For any matrix X, let dX denote the matrix of differentials dx;;.
For an arbitrary n x m matrix X, the symbol (dX) denotes the exterior
product of the mn elements of dX:
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If X is a symmetric m x m matrix, the symbol (dX) will denote the

exterior product of the w distinct elements of dX:

(119) (dX) = /\1§i§j§mdxﬁ.

With similar definitions for other kinds of structured matrices. Note
that since we are only interested in the absolute value of the deter-
minants, the indeterminacy in the order of the wedge product in the
formulas above are of no import.

Specifically, note that for the 2m x2m block matrix A = ( ;\\]T‘z /XZZ )
we get

(120) (dA) = Ni<icjemday A Ampi<icj<omday
AN iz1.m day = (dAq1) (dA2) (dAq2).

j=m+1..2m

We need to integrate over the orthogonal group, then we need the
following invariant form representing the Haar measure, (HT dH) =
A AL h].T dh;. Here H represents an orthogonal matrix. The

j=i+
integral of this form over the orthogonal group gives its volume. This
form normalized to have total mass unity is represented by (dH).

LEMMA 2. If X = BY where X and Y are n x m-matrices and B
15 a (constant) nonsingular n x n-matric, then

(121) (dX) = (det B)™ (dY)
so that J(X — Y) = (det B)™.
A proof can be found in [50].

LeMMA 3. If X = BYC, where X and Y are n x m-matrices, and
B and C are n x n and m X m nonsingular matrices, then

(122) (dX) = (det B)™(det C)™ (dY)
so that J(X — Y) = (det B)™(det C)".

A proof can be found in [50]
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LEMMA 4. If X = BYB', where X and Y are m x m symmetric
matrices and B 1s a nonsingular m X m-matrixz, then

(123) (dX) = (det B)™" (dY).

A proof can be found in [50].

A few more Jacobians, the following ones are special cases of re-
sults from [15] and [16]. The three following results are the only ones
not to be found in [50].

LEMMA 5. (Jacobian of the symmetric square root of a positive
definite matriz). LetS and R be in P+ (m) such that S = R? and let
D be a diagonal matriz with the eigenvalues of R on the diagonal.
Then,

(124)  (dS) =2"D|] [(Du + Dy) (dR) = | (D + Dy) (dR)
i<j i<j

This result can also be found in [44]

LEMMA 6. (Polar decomposition). Let X be an m x m-matric
of rank m, that is, X € GL(m), with m distinct singular values,
and write X = PR, with P € O(m),R € PT(m). R has m distinct
eigenvalues. Also let S = X"X = R"R = R? where R 1is the symmet-
ric square root of S. Let L = D? where D is a diagonal matriz
with the eigenvalues of R on the diagonal. Then

(125) (dX) = [ [(Dsi + Dy) (dR) (P"dP)
and
(126) (dX) =27™|L[7"* (dS) (P"dP)

where L = D? and D s the diagonal matriz of eigenvalues of R,
and L with those of S.

LEMMA 7. (Generalized Polar decomposition) Let X be an N X
m matriz with N > m and of rank m, with m distinct singular
values. Write X = PR, with P € Vy;n and R € P*(m). Then R has



68 3. MARGINAL DISTRIBUTION OF DIAGONAL BLOCKS

m distinct eigenvalues. Also let D be the diagonal matriz with
the eigenvalues of R on the diagonal. Then

m
(127) (dX) = det(D)N ™ ] [(Di + Dy) (dR) (PTdP).
i<
Note that when we are using this result in an integral, the as-
sumption that all eigenvalues are distinct do not really matter, since
the subset where some eigenvalues coincide is of measure zero and
does not contribute to the integral.



CHAPTER 4

Estimation and Prediction

In this chapter we will finally present methods for spatial interpo-
lation of tensors. We start by analyzing the pair likelihood function,
and take as a starting point the generalized version given by equa-
tion (31), and apply it to the Wishart random field model of chap-
ter (2). Here we use the notation and results of chapter (3). Since
we assume the random field is stationary, the scale matrix X of the
Wishart random field does not depend on spatial location. So the
2m x 2m blocked scale matrix of the two-dimensional density of the
two tensors A; = A(x;) and A; = A(x;) have the form

> p(hy)Z
(128) (p(mj)z L )

where p(h) is the spatial correlation function. Note that in this model,
a positive constant can be freely moved between the two factors in
p(h)X, that is, variance can be modelled in the correlation function
p(h) or in the covariance matrix X. To eliminate this redundancy we
require that p(0) = 1. In terms of the corresponding variogram this
is to say that the sill is one. If we are using an intrinsic random field
model, that is, a model with a variogram without a sill, then we must
fix the redundancy in some other way.

69
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This simple stationary model leeds to simplifications in the main
result theorem (1). Let us look at that. First, we find that

(129) C=(1—p(h))Z
(130) F=- _p(p}at)zi‘
(131) FTCoF = - f(;‘();)zz—‘
(132) G = 411 <1 _‘)2&)2)22—‘/&12—‘&

Using this we can see that the log pair likelihood based on the two
observed tensors A; and A, is given by

(133) logpairlik = —mnlog(2) — 21log(In(n/2)) — (n/2) logdet(X)

1 _ ~
—(1/2)m (ZA +277A,)
n—m-—1

> (logdet(A;) + logdet(A;))

- log oF" ((n—m—1)/2

G).

Let us now combine this with the marginal likelihood contribution,
using equation (31) with a new matching parameter a, to be chosen
later. Introduce the notation Gy for the G matrix above calculated
using the tensors A; and A;, with spatial separation vector hy =
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xi —X;. Then after some manipulation we get
(134)

logpairlik, = ?N log(2)(a— (N —1))+ Nlogl.(n/2)(a— (N —1))

.

x

N
nm
(135) +—721og(1 —p3)
i<

B
N
(136) +1ogdet):“T (a—(N—=1))

Y
1 N
(137) +§Z(a—wi) Tr(Z7'AY)
i=1
5
N
(138) +n_#m_1((N—1)—a)ZlogdetAi

i=1

€

N
(139) + ) log oF,

i<

((n—m—U/Z

~-
n

Gij) .
1

Here p;; = p(hy;) and w; = Z]. AT o Note that in the independence
case, all w; is equal to N — 1. Choosing a = N — 1 is matching the
contributions from the two parts of the log pair likelihood, so is an-
nulling most of the likelihood! In the independence case it will in fact
only leave contributions from parts 3 and 1 of the likelihood, the two
parts which only have contributions from the bivariate distributions.
So probably, a = N — 1 will be a poor choice and goods values of a
can be expected to be in the interval (0,N — 1). To get an optimal
choice of a we would need to know the Godambe information matrix
as a function of a, but even if that were possible there is no reason
to expect a common value of a to be good for all parameters.
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Some preliminary numerical work, using programming in the sta-
tistical programming language R, indicates that the optimization
problem which must be solved to estimate the parameters via max-
imization of the composite log likelihood, is difficult. So a detailed
study of the properties of the composite log likelihood might be an
aid in constructing good optimization routines. So in the following we
will make a detailed study of properties of logparlik,. Doing this ana-
lytically will be difficult, so this must mostly be based on simulations.

Now we will study this composite likelihood function, term by
term, and discuss which information is contained in each term. We
will also comment on possible choices for the matching constant a.
A term contains information only if it can be possibly different for
different possible data, in other words, it must depend on the A;.

For prediction of the value of the tensor field at some location
Xo € D where it is not observed, we can construct a predictive likeli-
hood based on the pairlikelihood (134). The modification consists in
including the unknown unobserved tensor Ay = A(X) in the pairlike-
lihood function, in exactly the same way as if it had been observed.
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That leads to the following definition:

(140)

logpairlik.pred, = m(N +1)log(2)(a—N)+ (N+T1)logl,(n/2)(a—N)

"

X

N N
(141) +—% (Zlogﬂ —p§) + ) _log(1 —p§1)>
i=1

i

B
(142) +10gdetZ~M(a—N)
Y
1N
14 - —wy) - Tr(Z7TA;
(143) +2§(a w;) - Tr(Z7' A
ks
n—m-—1 a
(144) +———N-q ZO log det A;
0<i<j<N

n

where p;; = p(hy) includes the new cases pp; and w must be redefined

to use the index 0 in the summation, as w; = ZOS,;S,N ]_1—921
o i

Note that is in general hopeless to do a global maximization of
the pairlikelihood function, since it is in general unbounded, except
in very special cases, like choosing a = N — 1 (a = N in predic-
tion case) which will zero a lot of terms. Observe that the o term
is unbounded as a function of n, as is also the 3, vy and € terms.
A practical choice could be to fix n, alternatively we could fix the
parameters in the spatial correlation structure, then the 3 term will
be maximized by choosing n as small as possible. In some cases, de-
pending on the structure of the observations, it might be possible to
do a global optimization, but this will be fragile. Probably a solution
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FIGURE 1. A real tensor field. The Sierra de Varas
example data. The results of a cross-validation exercise.

to this problem must be developed on a case-by-case basis, maybe
n could be estimated separately based on the variability of the size
of the observed tensors. This phenomenon of a globally unbounded
likelihood function is similar to what happens in the case of using
the t-distribution as a data model. In that case also the likelihood
function is unbounded. Solutions and pitfalls in this case is discussed
in the papers [20] and [39].

An alternative would be to isolate some part of the likelihood
function, for example only the marginal likelihood, and use that part
to estimate n only, and then later fixing it.

We used the data shown in figure (2) to do prediction. In the fol-
lowing is shown the results of a cross-validation exercise based on this
data. For each one of the 31 tensors of this dataset, we removed that
one tensor, leaving 30, and use that 30 together with an estimated
model to predict the tensor in that location. The results is shown in
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figure (1), which should be compared to the data in figure (2). The
geometry of the tensors is well reproduced, not so the volume.






CHAPTER 5

Conclusions and Challenges

We have developed a framework for spatial interpolation of ten-
sors, that is, positive definite matrices. We have developed a stochas-
tic model for a spatial field of tensors, and developed necessary the-
ory for estimation of parameters, using composite likelihood methods.
The basic functioning of the methodology is demonstrated, but there
is a need for working out more examples, and constructing more sta-
ble software. The optimization of the composite likelihood function
we constructed showed to be highly non-trivial, and time-consuming.

There is a lot more to do. We should try the new methods with
more datasets, they should be extended to more general spatial co-
variance structures. We need to understand relationships with inter-
polation based on the Fréchet mean, see equation (84) and (85). The
methods should also be studied in more extensive simulation exer-
cises.

There is also a need to explore possibilities for better deterministic
interpolation algorithms, like spline-based methods. The methods we
developed should be programmed as software which can be published
as an R-package on CRAN (the Comprehensive R Archival Network,
http://cran.r-project.org/. The programs already developed as
part of this thesis is a start in that direction.

7
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