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Resumen

Segtin lo establecido por Morales, Pacifico y Pujals [53], todo conjunto singular C*-
robusto transitivo de un flujo en una 3-variedad compacta sin borde, tiene una estructura
hiperbdlica-singular,es decir, es parcialmente hiperbédlico y expande volumen en la direccién
central; es un atractor para el campo X o bien para el campo —X; sus singularidades son
de tipo-Lorenz. Dos preguntas naturales surgen a partir de este resultado: ;Es valido si
cambiamos C'-robusto transitivo, por C*-robusto transitivo, ¥ > 1?. ;Son vélidos estos

resultados en el contexto de variedades con borde?.

En este trabajo consideramos campos de vectores en variedades con borde. Asumiendo
suficiente diferenciabilidad, mostramos la existencia de conjuntos robustos transitivos que
no satisfacen las propiedades descritas anteriormente. La existencia de tales conjuntos
estd relacionada a la existencia de ciclos singulares cuyos elementos criticos pertenecen al
borde de la variedad. También mostramos la existencia de conjuntos atractores robustos
los cuales no tienen una estructura hiperbdlica-singular y sus singularidades no son de

tipo-Lorenz. Los resultados obtenidos son los siguientes:

(a) Si X € Z°°(M,0M) exhibe un ciclo singular genérico asociado a una singularidad

o € OM con autovalores reales Ay, A; v A, satisfaciendo
Ass <A <0< Ay vy As—Ass—2-A, >0,

entonces para k > 2 suficientemente grande (cuya grandeza depende sélo de los

autovalores de o) X exhibe un conjunto C*-robusto transitivo conteniendo a o.

En particular, para toda 3-variedad compacta conexa con borde M existe X €
X °°(M,OM) exhibiendo un conjunto C*-robusto transitivo el cual no es hiperbélico-
singular para X ni para —X. Ademds tal conjunto no es atractor ni repulsor y tiene

una singularidad que no es tipo-Lorenz.

(b) Para toda 3-variedad compacta conexa con borde M existe X € 2°°(M,0M) tal
que para r suficientemente grande, X presenta un conjunto atractor C"-robusto que
no es hiperbélico-singular. Ademés tal conjunto tiene singularidades que no son tipo-

Lorenz.



II

(c) Existe un campo de vectores C* definido sobre una variedad compacta tri-dimensional,
que exhibe un conjunto atractivo hiperbdlico-singular conteniendo una singularidad

que no es tipo-Lorenz y un conjunto repulsor hiperbédlico no-trivial.

Estos resultados (items (a) y (b)) muestran que las propiedades obtenidas por Morales,
Pacifico, Pujals [53], [50], referentes a la relacién existente entre robustez transitiva, atrac-
tores robustos e hiperbolicidad-singular no son validos en el contexto de 3-variedades com-
pactas con borde y alta diferenciabilidad. En trabajos atin en desarrollo abordamos el caso

de C'-diferenciabilidad.
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Introduccion

Durante mucho tiempo el objetivo en la teoria de los sistemas dindmicos ha sido de-
scribir y caracterizar sistemas que exhiban propiedades preservables bajo pequenias pertur-
baciones. Una piedra angular en esta direccién fue la Conjetura de la Estabilidad Estruc-
tural (ver Palis-Smale [61]), que establece que aquellos sistemas que a menos de un cambio
de coordenadas continuo en el espacio de fase son idénticos a todos los sistemas cercanos,
son los hiperbdlicos. Condiciones suficientes para la estabilidad estructural fueron provadas
por Robbin [67] (para r > 2), de Melo [43] y Robinson [69] (para r = 1). Su condicién nece-
saria fue reducida a mostrar que estabilidad estructural implica hiperbolicidad (Robinson
[68]); que fue probada por Mané [38] en el caso discreto (para r = 1) y por Hayashi [28] en

el contexto de flujos (para r = 1).

Esto tiene importantes consecuencias debido a la existencia de una rica teoria para
sistemas hiperbodlicos, describiendo sus propiedades geométricas y ergddicas. En particular,
para sistemas estructuralmente estables, se tiene por el teorema de la descomposicién
espectral de Smale [76], una descripcion del conjunto no errante como un nuimero finito
de conjuntos maximales invariantes compactos disjuntos y transitivos, y donde cada una
de estas piezas es bien entendida desde el punto de vista deterministico y estadistico.
Mas atin, tal descomposicién persiste bajo perturbaciones C'. Esto naturalmente conduce
al estudio de conjuntos transitivos aislados que permanecen transitivos para todos los
sistemas cercanos (Robustez), propiedad que también da informacién dindmica de ellos.
. Existen conjuntos robustamente transitivos no hiperbolicos? ;Qué se puede decir sobre
la dindmica de conjuntos robustamente transitivos?, ;Existe una caracterizacion de tales

conjuntos?.

En el caso de flujos en dimensién tres, un sorprendente ejemplo es el atractor de Lorenz
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[36], dado por la solucién del siguiente campo polinomial de vectores en R3:

T = —ar+ay
X(z,y,2) = y = Pr—y—az (1)
2 = —nztay,

donde «, 3,y son pardmetros reales. Experimentos numéricos realizados por Lorenz (para
a=10,0=28y v = %) sugieren la existencia, en un sentido robusto, de un atractor hacia
el cual tiende toda trayectoria positiva del sistema anterior. Lo més relevante es el hecho
que este atractor contiene al punto de equilibrio (0,0, 0) y érbitas periédicas acumulandose
en él, y que por lo tanto no puede ser hiperbdlico. Cabe destacar que, sélo ahora, tres
décadas y media después de este notable trabajo, Tucker [82] probé que la solucién de (1)

satisface tal propiedad para valores cercanos a los considerados por Lorenz.

Por otro lado, a mediados de los setenta, en un intento por comprender a partir de
un enfoque geométrico la dindmica presentada por Lorenz, es mostrada la existencia de
atractores robustos no hiperbdlicos para flujos (introducidos en [2], [24], [86]), los cuales
ahora son llamados modelos geométricos para los atractores de Lorenz. En particular, ellos
exhiben de manera robusta, un conjunto atractivo transitivo con una singularidad. Para tal

singularidad los autovalores A,,A\s; v Ags son reales y satisfacen A\;s < Ay <0 < =Xy < A,

La comprension del fenémeno de la coexistencia robusta de singularidades y oOrbitas
periddicas regulares de manera transitiva, ha tenido un gran progreso con los trabajos de
Morales, Pacifico y Pujals, [53] y [50] donde se muestra que conjuntos singulares robustos
para flujos en dimension tres son atractores o repulsores hiperbdlicos-singulares y que
de hecho ellos comparten todas las propiedades geométricas de los atractores de Lorenz

geométricos.

Para formalizar mas precisamente los resultados, necesitaremos introducir definiciones

bésicas y la notacién correspondiente.

Sea M una 3-variedad compacta conexa y sea M su borde. Denotemos por 2 *(M,0M),
k > 1, el espacio de los campo de vectores de clase C* en M tangentes a M y el cual

esta equipado con la topologia C* estdndar. En caso que OM es vacio, este espacio es deno-



Introduccion 3

tado por Z%(M). Fijamos X € 27%(M,0M) y denotamos por X;, t € R, el flujo generado
por X en M.

La drbita de X por p € M es el conjunto Ox(p) = {Xi(p) : t € R}. El w-limite
de un punto p € M, es el conjunto de los puntos ¢ € M tales que existe una sucesion
t, — oo con Xy, (p) — ¢. Una singularidad de X es un punto o € M tal que X (o) = {0}
(equivalentemente, Ox (o) = {o}). La érbita O = Ox(p) es una drbita periddica de X si
Xr(p) = p, para algin T' > 0 minimal. Una dérbita cerrada (elemento critico) de X es una

singularidad o una drbita periédica de X.

Un conjunto compacto A C M es invariante por X si para todo t € R, X;(A) = A;
no-trivial si no es una orbita cerrada ; transitivo si es el conjunto w-limite de uno de sus
puntos; y aislado si existe una vecindad compacta U de A ( llamada blogue aislante) tal

que

A= X(U).

teR
Un conjunto aislado A es C*-robusto transitivo si exhibe un bloque aislante U tal que para
todo Y € Z7%(M,0M) C*-cercano a X, la continuacién de A

Ay =(Y(U)

teR

es un conjunto transitivo no-trivial de Y.

Un conjunto A es atractivo si es aislado y tiene un bloque aislante U positivamente

invariante, es decir, para todo ¢t > 0,

X:(U) CU.

Un conjunto A es un atractor si es atractivo y transitivo.

La definicién anterior de conjunto atractivo no es estdndar. Cabe mencionar que muchos
autores llaman atractor al que estamos llamando conjunto atractivo. Ver Milnor [46] donde

varias nociones de atractores son discutidas.

Un Conjunto compacto A de X es hyperbdlico si su fibrado tangente se descompone en
una suma directa invariante Ef & EY @ E% donde EY es el subfibrado generado por X

sobre Ay E} (resp. E}) es un subfibrado contractivo (resp. expansivo) para la derivada
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de X; cuando t — o0, esto es || DXy (x)|gs|| < CA* (vesp. |[DX_i(2)|gu|| < CA'). Entonces,
la Teorfa de Variedades Invariantes [31] afirma que a través de cualquier punto z € A
pasa una variedad estable fuerte (resp. inestable) W#*(x) (resp. W**(x)) tangente en x al
subespacio E? (resp. E¥). Por saturacién de éstas variedades obtenemos la variedad estable
e inestable W#(z) y W"(x) de x respectivamente. Una érbita cerrada es hiperbdlica si y

solo si lo es como un conjunto compacto invariante.

Un conjunto compacto invariante A de X es parcialmente hiperbdlico si su fibrado tan-
gente se descompone en una suma directa invariante F, @& F§ donde Fj es contractivo
o expansivo y domina a [, esto es la menor contraccién en F) es mayor que la mayor
contracciéon en F§ o la menor expansion en F) es mayor que la mayor expansion en F{
respectivamente. Decimos que el subfibrado central F§ expande volumen cada vez que la
derivada del flujo expande exponencialmente el volumen a lo largo de F{ cuando ¢t — oo. Un
conjunto hiperbdlico-singular es un conjunto parcialmente hiperbédlico cuyas singularidades
son hiperbdlicas y cuyo sub-fibrado central expande volumen. Una singularidad o € M de
X es tipo-Lorenz si los autovalores de DX (o) son reales y satisfacen A\s < Ay <0 < A\, v
As + Ay > 0.

Dos preguntas naturales surgen a partir de los trabajos de Morales, Pacifico y Pujals: |,
Son vélidos si cambiamos C'-robusto transitivo, por C*-robusto transitivo, k¥ > 1?. Para
flujos en 3-variedades compactas con borde, jtodo conjunto C*-robusto transitivo conte-
niendo singularidades es atractor o repulsor hiperbdlico-singular y todas sus singularidades

son tipo-Lorenz?. En este trabajo nos centramos en la segunda interrogante.

Otros resultados obtenidos por Morales, Pacifico y Pujals [50] para campos de vectores
de clase C' en una 3-variedad compacta cerrada que apuntan en esta direccién son los

siguientes:

(a) Todo conjunto C'-robusto transitivo conteniendo singularidades de X es atractor o

repulsor propio.
(b) Toda singularidad de un atractor C''-robusto de X es tipo-Lorenz.

(c) Todos los atractores C'-robustos de X conteniendo singularidades son conjuntos hi-

perbdlicos-singulares.
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(d) Sea A un conjunto aislado de un campo de vectores X de clase C”, r > 1. Decimos
que A contiene rubustamente la variedad inestable de un elemento critico si existen:
Zo elemento critico hiperbdlico de X en A, un bloque aislante U de A y una vecindad

7 de X en el espacio de los campo de vectores de clase C” tal que para todo Y € %,

Si A es un conjunto transitivo aislado de X tal que todos sus elementos criticos son
hiperbdlicos y contiene robustamente la variedad inestable de un elemento critico

entonces A es un atractor.
(e) Sise satisface que:

(i) A es C'-robusto transitivo
(ii) Todo elemento critico en A es hiperbdlico y

(iii) A tiene una singularidad cuya variedad inestable es unidimensional,

entonces A es un atractor.

En este trabajo mostramos que en el contexto de variedades con borde la situacion es
diferente. Particularmente como consecuencia del teorema principal, obtenemos que los
incisos (a), (d) y (e) no son validos (para alta diferencialbilidad). Ademds, exhibimos un

ejemplo simple que muestra que (b) y (¢) no son vélidos para alta diferenciabilidad.

El presente trabajo se concentra en el estudio de la dindmica en una vecindad de un
ciclo singular. Por ciclo singular de X nos referimos a un conjunto I' consistiendo de
singularidades y érbitas periddicas, digamos {og, 01, -+ ,0,} conectadas de manera ciclica
( 0o = 0, ) por 6rbitas regulares 7.s de modo que v; C W*(o;) N W*(0;41). Un ciclo es
singular hiperbdlico si los elementos criticos son hiperbélicos. En caso que oy = o sea la
unica singularidad, decimos que el ciclo singular I' esta asociado a . Estamos interesados en
ciclos singulares asociados a singularidades con autovalores reales A, As, A5 satisfaciendo

las relaciones de autovalores

Aos < A <0< Ay, and Ay — Age — 27, > 0. (2)

Esta ultima condicién en los autovalores nos permitird construir en torno al ciclo un
sistema de coordenadas C? de tal manera que la dindmica asociada serd dada por una

aplicacion con derivada Schwarziana negativa.
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La singularidad o estd equipada con varias variedades invariantes. Una variedad estable
2-dimensional W*(o) y una variedad inestable 1-dimensional W*(o). Existe también la
variedad central-inestable W< (o) tangente en o al subespacio asociado a {A, A\,}. La
Variedad central-inestable no es tnica pero todas ellas contienen a W*(o). Mas atn, el
sub-fibrado tangente TW estd bien definido a lo largo de W* (o). Decimos que el ciclo
singular es simple si W (o) es transversal a W?*(o;) a lo largo de vy y para todo ¢ > 0,
W(0;) es transversal a W#(o;41) a lo largo de ;. Estas propiedades son genéricas. Note

que estas condiciones implican que o7 = O es una 6rbita periddica.

La dindmica en una vecindad del ciclo puede ser entendida a través de las transfor-
maciones de Poincaré asociadas. Las hipdtesis garantizan la existencia de una foliacién
invariante . ( . es invariante si la imagen toda hoja L de .Z esté contenida en alguna
hoja L de .# ), llamada foliacién estable fuerte, que permite reducir dichas transformaciones
de Poincaré a aplicaciones del intervalo. En general tal foliacién es sélo continua, pero asum-
iendo X suficientemente diferenciable, esta es diferenciable. Denotemos por &7 al conjunto
de aplicaciones del intervalo asociadas al estudio de los ciclos de acuerdo a lo anteriormente
establecido. En el caso en que la singularidad sea contractiva ( As + A, < 0), el conjunto
&/ puede ser caracterizado por: Sean a,b dos nimeros reales fijos tales 0 < a < b < 1,
o C{f:[0,a] U[b,1] C R — R} es el conjunto de aplicaciones de clase C', crecientes
en [0,a], f(a) > 1y con 0 punto fijo repulsor, decrecientes en [b, 1], f(b) > 1, f(1) =0y
teniendo al 1 como un tnico punto critico, el cual es de orden o — 1 para algin « > 1. Dos
aplicaciones f, ¢ : [0,a]U[b, 1] C R — R son topoldgicamente conjugadas si existe un home-
omorfismo h : I — I tal que go h = ho f. Decimos que [ es & -structuralmente estable si
existe una C'-vecindad % de f en .o/ tal que cada g € % es topolégicamente conjugada a
f. Es facil mostrar que si el conjunto maximal invariante de f € &/ y el conjunto maximal

invariante de g € & no contienen intervalos, entonces f y g son conjugadas.

Sea f € &/ y sea J un intervalo en el maximal invariante contenido en [0, a] U [b, 1]. Dos
situaciones se pueden presentar: los intervalos J, f(.J),--- son disjuntos dos a dos salvo
interseccion en sus extremos o contrariamente dos de ellos tengan interseccién con interior
no vacié. En el caso que la interseccion de dos iterados de J contenga un abierto se muestra
que a excepcién de un nimero finito, todo punto de J tiende a un pozo ( pues cada f"|;
es mondtona). Decimos que J es un intervalo errante de la aplicacién f si los intervalos J,

f(J),--- son disjuntos dos a dos y el el conjunto w—limite de J no es igual a una érbita
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periédica. Nuestro principal objetivo serda mostrar la no existencia de pozos ni de intervalos

errantes.
El presente trabajo esta estructurado en seis capitulos:

En el Primer Capitulo damos las definiciones y notaciones bédsicas. También hacemos
una breve discusién bibliogréafica referente a la existencia de intervalos errantes y a ciertas

caracterizaciones de robustez transitiva como de hiperbolicidad-singular.

En el Segundo Capitulo obtenemos que el conjunto de aplicaciones o7-estructuralmente
estables en o7, es no vacio. La motivacién es Labarca-Pacifico [34], donde ellos prueban
tal propiedad bajo una condicién expansiva (As + A, > 0). Aqui obtenemos un resultado

analogo pero bajo una condicién contractiva (As + A, < 0).

La prueba en [34] se basa en la inyectividad de las coordenadas de Milnor-Thurston
[45], utilizada para construir la conjugacién requerida. En nuestro caso, la existencia de
un punto critico hace dificil probar tal inyectividad. Deberemos primero mostrar la no-
existencia de pozos ni intervalos errantes. Esto es consecuencia que la imagen del punto
critico 1 es un punto fijo repulsor. Posteriormente, la estabilidad estructural se deriva de
los argumentos dados en [34]. Debido a que intervalos errantes complican la comprensién
de la dindmica, muchos esfuerzos se han hecho( [78], [58], [23], [25], [85], [44], [41], [37],
[11], [12], [40], [59], [10], [32], [39], [42] y [79]) para mostrar su no existencia. En todos ellos
se requiere de suficiente diferenciabilidad asi como otras propiedades de las aplicaciones
consideradas. Sélo requiriendo suavidad C*! o permitiendo puntos criticos llanos, intervalos
errantes pueden aparecer (ver, [58], [44], [32], [42]: Teorema 2.3, pag. 43, [15], [25], [26],

[73], [10] ¥ [14]). Notar sin embargo que nuestro caso estd en el escenario C'.

En el Tercer Capitulo mostramos que si X € 2°°(M,0M) exhibe un ciclo singu-
lar genérico asociado a una singularidad o € OM con autovalores reales satisfaciendo (2),
entonces para k suficientemente grande, X exhibe un conjunto C*-robusto transitivo con-

teniendo a o.

Como consecuencia de este resultado se obtiene que en toda 3-variedad compacta conexa
con borde M existe X € 2°°°(M,0M) exhibiendo un conjunto C*-robusto transitivo el
cual no es hiperbdlico-singular para X ni para —X. Ademds este conjunto no es atractor

ni repulsor y tiene una singularidad que no es tipo-Lorenz.
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En efecto, considere un campo de vectores X € 2°°°(M,0M) que presenta un ciclo
singular asociado a la singularidad disipativa o cuyos autovalores satisfacen (2). La disipa-
tividad es dada por A\, + A\, < 0. Por lo tanto, el teorema nos garantiza la existencia de un
conjunto C*-robusto transitivo que no es hiperbélico-singular, pues el sub-fibrado central
no expande volumen debido a la singularidad, y no contrae volumen debido a la érbita
periddica O presente en el ciclo. Ademds por construccién este conjunto no es atractor ni
repulsor y tiene una singularidad hiperbdlica que no es tipo-Lorenz. Es interesante notar
que en nuestra construccion los conjuntos robustos transitivos dejan de ser hiperbdlicos-
singulares debido a la existencia de una singularidad contractiva, lo que es incompatible

con la condicién de expansividad del volumen a lo largo del sub-fibrado central.

Estos resultados son conseguidos asumiendo la existencia de coordenadas uniformes C*-
linearizantes en una vecindad de la singularidad ¢ asi como de la aplicacion de Poincaré aso-
ciada a la érbita periddica O en el ciclo. Con esto obtenemos que la foliacién invariante .%#
y consiguientemente las aplicaciones en &7 son diferenciables. Las condiciones que garanti-
zan linearizabilidad son abiertas, pero exigen alta diferenciabilidad del campo, luego esta
aproximacion no es aplicable al caso C*, pues como ya se observé la reduccién de dimension
sélo se puede hacer de manera continua. Es importante resaltar que las C?-coordenadas
linearizantes son requeridas por el hecho que para garantizar la existencia de una foliacién
de clase C'! usamos la técnica de transformacién de grafico (ver [6]) en la que se requiere
que el campo de vectores sea al menos de clase C?. Lo mismo sucede si utilizamos el el

método de las variedades r-normalmente hiperbdlicas (ver [71])

También mostramos que para toda 3-variedad compacta conexa con borde M existe
X € Z*°(M,0M) tal que para r suficientemente grande, X presenta un conjunto atractor
CT-robusto que no es hiperbdlico-singular. Ademas tal conjunto tiene singularidades que

no son tipo-Lorenz. Esto es conseguido con argumentos de Gukenheimer.

En el Cuarto Capitulo consideramos el espacio de aplicaciones triangulares 7, que
corresponde exactamente al conjunto de aplicaciones de Poincaré definidas en una seccién
transversal ¥ asociada al ciclo I'. Tomando un sistemas de coordenadas p = (x,,y,) en X,
este conjunto de aplicaciones puede ser caracterizado por: Sean 0 < a < b < 1 dos ntimeros
reales y U es una vecindad de [0,1] x [0,1], 7 C {R : [0,1] x ([0,a] U [b,1]) C ¥ — U}, es

el conjunto de aplicaciones C! satisfaciendo:
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a) R es un difeomorfismo en [0,1] x ([0,a] U [b,1]) \ {y = 1}). Ademds, R({y = 0}) C
[0, 1) X {0}7 R({y = a}) - U\([()? 1] X [07 1])7 R({y = b}) - U\([Ov 1} X [07 1]);
R({y =1}) = {(0, )}, para algin ¢, € (0, 1).

b) Existe una C%foliacién (con hojas diferenciables) invariante contractiva .%. Ademés
{y =0}, {y =a}, {y =b} e {y = 1} son hojas de Z.

c) Existen a = ag > 1y K > 0 (independiente de R) tales que

Yrp) < K-y, — 1%, Vpe[0,1] x [b,1].

d) Existen & = ap > 1, K > 0 (independiente de R), 0 < v < v, p(conl<v<py

1—
Ve

S 1) y un campo de conos invariante C? en U transversal a .# tales que

D) [| DR(p) v |2 K- [y, =115 - Joll, ¥pel0,1] x [b,1], Vo € C7(p).
i) v | vlI<[| DR(p) - v |<p- v, Vpel0,1]x[0,a],Yv e C7(p).

Recordemos que la foliacion .% es contractiva si existen una constante C' > 0y 0 < A < 1
tales que
| DR™(p) - v [|< C- A",

paratodon e N,pe L, L € F yv e T,L.

Denotemos por TU el fibrado tangente de U. Dado p € U, v > 0, denotamos por C7(p)

el y-cono vertical con inclinacion v, i.e.,

C'(p) ={veT,U :v=(u,w);ul <v-|wl}

Un campo de conos C7 en U es una aplicacién continua C7 : p € U — C7(p) C T,U.
C7 es R-invariante si para todo p € [0,1] x [0,a] U [0,1] x [b,1], DR(C"(p) \ {0}) C
int(CY(R(p))). C7 es transversal a la foliacion .# siparatodop € Ly L € .F,T,LNC7(p) =
{0}. Decimos que una curva ¢ es tangente al campo de y-conos C7 si para todo p € ¢, T,¢

esta contenido en C7(p).

Nuestro objetivo es mostrar que el conjunto de aplicaciones triangulares que presentan
conjuntos C'-robusto transitivos, es no vacio. En efecto, siguiendo la estrategia utilizada

para mostrar el resultado andlogo en la clase &/( no existencia de intervalos errantes de
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manera robusta), conseguimos mostrar que el conjunto maximal invariante para un con-
junto abierto de aplicaciones R € 7 no admite curvas tangentes al campo de conos C7.
Esto implica que curvas “verticales” que intersectan al maximal invariante tienen iterados
con longitudes suficientemente grandes. Los mismos argumentos muestran que conjuntos
compactos lejos de {y = 1} son hiperbdlicos. La transitividad se sigue usando estas dos
propiedades argumentando como en la prueba de la robustez del atractor geométrico de
Lorenz [24].

En el Quinto Capitulo mejoramos lo obtenido en el Tercer Capitulo haciendo uso de las
aplicaciones triangulares del cuarto capitulo. Para esto sélo necesitamos diferenciabilidad
suficiente para obtener C'-coordenadas linearizantes. Con esto se obtiene que la foliacién
invariante .# es sélo continua y consiguientemente la aplicacién de hojas es sélo continua.
Sin embargo la transformacion de Poincaré es una aplicacion triangular de acuerdo a lo

definido en el cuarto capitulo.

En el Sexto Capitulo, mostramos la existencia de un campo de vectores C*° defini-
da sobre una variedad compacta tri-dimensional, el cual exhibe un conjunto atractivo
hiperbélico-singular conteniendo una singularidad que no es tipo-Lorenz y un conjunto re-
pulsor hiperbdlico no-trivial. La Técnica para la construccién de tal campo de vectores se

basa en una combinacién con las de Franks-Williams [21] y Morales [49].

Finalmente, es de nuestro interés extender el resultado referido a la existencia de con-
juntos robustamente transitivos al caso C'. En un trabajo atin en desarrollo sélo resta
probar que las aplicaciones de primer retorno asociadas a X y Y, para Y C*! cercano a X,
satisfacen las propiedades de las aplicaciones triangulares. La parte dificultosa es encontrar
cotas uniformes para las primeras derivadas parciales de la aplicacién de primer retorno
asociada a todo campo C' cercano a X, cuando la dindmica es analizada en una vecindad

de la singularidad.

Una pregunta interesante que queda en abierto es saber si la transitividad robusta
implica la hiperbolicidad parcial, y si esta permite caracterizar las singularidades en el
borde.



Chapter 1

Preliminares

En este capitulo presentamos conceptos y definiciones basicas asi como resultados
elementales de dindmica discreta como continua en espacios de baja dimensién, que seran

utilizados en los capitulos siguientes.

1.1. Sistemas dinamicos sobre una variedad de dimen-

sion uno

1.1.1. Notaciones, definiciones y resultados clasicos

En esta subseccién introducimos los conceptos elementales de dindmica unidimensional

referente a la existencia de intervalos errantes.

Denotamos por N como el circulo unitario S* o el intervalo unitario I = [0,1]. Sea
f : N — N una aplicacién continua. Para n > 1, consideramos los iterados f", definidos
inductivamente por: f! = fy f**' = f o f* Denotamos por f° la aplicacién identidad.

Aqui, | Df(x) | denota la norma o valor absoluto de la derivada de f en .

Una aplicacién f : [a,b] — R, con [a, b] C R, tiene variacién acotada si existe 0 < K < 0o
tal que para cualquier cubrimiento disjunto I; de [a,b] la longitud total de >, |f(I;)| es a

lo mas K.

11
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Derivada Schwarziana

Definicién 1.1.1. Sea f : I — I una funcién de clase C? tal que para todo v € I,
Df(x) # 0. Se define la derivada Schwarziana de f, Sf, en x € I por

Sp(a) = DL 3 (DI

Df(z) 2 \Df(x)

De la definicién, se sigue inmediatamente por la regla de la cadena la siguiente férmula

para la derivada Scharziana de la composicién de dos funciones f, g de clase C3:

S(go f)(z) = Sg(f () - IDf(2)]* + Sf(x).

Asi, la derivada Schwarziana de los iterados de f es dada por

n—1

S (@) =Y SF(fi () - 1D ()]

i=1

Por lo tanto, si una aplicacién tiene derivada Schwarziana negativa, también lo tienen

todos sus iterados.

A continuacion se indica una propiedad analitica de aplicaciones con derivada Shwarziana

negativa que serd utilizada a lo largo del texo.

Lema 1.1.2 (Principio del Minimo). Sean T un intervalo cerrado con puntos finales

a,by f: T — R una aplicacion de clase C* con derivada Schwarziana negativa. Si para
todo x € T, Df(z) # 0, entonces

[Df(2)| > min{[Df(a)], |Df(b)|}, Yz € (a,b).

Ver [42], Lema 6.1, pag. 154.

Sea f : I — I un homeomorfismo. La orbita de f de un punto p € I es el conjunto

O = Of(p) = {f"(p) : n € Z}.
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Sea Of(p) una 6rbita de periodo n. Esta dérbita es llamada estable o atractiva si la bacia
de atraccion,
B(p) = {z: f*(2) — p conk — o0 }

de la érbita Oy (p) contiene un intervalo abierto que contiene a p en su clausura. La bacia
inmediata de Og(p) es la unién de las componentes conexas de su bacia que contienen un
punto de Oy(p).

Sea f : I — I una aplicacién de clase C*. Un punto periédico p es llamado un atractor
hiperbélicosi | D f(p)| < 1, un repulsor hiperbdlicosi |D f(p)| > 1y un neutralsi |D f(p)| = 1.

Decimos que ¢ es un punto critico de la aplicacién f si Df(c) = 0.

Teorema 1.1.3 (Singer [74]). Si f: I — I es una aplicacion de clase C* con derivada

Schwarziana negativa entonces

(i) la bacia inmediata de cualquier drbita periddica atractiva contiene un punto critico

de f o un punto borde del intervalo I;
(i1) cada punto periddico neutral es atractivo;

(11i) nmo eziste intervalo de puntos periddicos.
En particular, el nimero de drbitas periddicas no-repulsoras es acotado si el numero de
puntos criticos de f es finito. Mds aun, si todos los puntos criticos de f son puntos de

retorno entonces f tiene a lo mds dos atractores periddicos inescenciales (conteniendo un

punto borde de OI en su bacia).
Ver, [42], Teorema 6.1, pag 155.

Definicion 1.1.4. Sea J C I y sea f : I — I. Decimos que J es un intervalo errante de

la aplicacion [ si:

1. los intervalos J, f(J), ..., are disjuntos dos a dos;

2. el conjunto w—Ilimite de J no es igual a una drbita periddica.

Estabilidad estructural e hiperbolicidad
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Denotemos por C"(N, N), r > 1, el espacio de los difeomorfismos de N de clase C". En
C"(N, N) consideremos la topologia C" definida por la métrica

d;(f,9) = méx{d(f(z), 9()),| D'f(z) — D'g(x) |: v € N},

1<i<r

Aqui, d es la métrica usual en N. Con la métrica C", C"(N, N) es un espacio métrico

completo.

Definicién 1.1.5. Un difeomorfismo f € C"(N,N) es estructuralmente estable si existe
una vecindad A de f en C"(N,N) tal que para cada g € N, existe un homeomorfismo
hg : N — N que conjuga f y g, es decir, go hy = hgo f.

Sea p un punto periédico de periodon de f € C"(N, N).Si0 # |Df™(p)| # 1 decimos que
p es un punto periédico hiperbdlico. El es un punto periédico atractivo si 0 < |Df™(z)| < 1
y un punto periddico repulsivo si |Df"(p)| > 1. Si Df™(p) = 0 entonces p es llamado un

punto periédico super-atractivo.
Ahora introduciremos la nocién de hiperbolicidad para conjuntos invariantes.

Definicion 1.1.6. Sea f : N — N una aplicacion de clase C™, v > 1. Un subconjunto
K C N es un conjunto hiperbdlico repulsivo (o hiperbdlico) de f si K es invariante y

existen constantes C' >0 y A > 1 tales que
| Df"(z) [> CA",
para todo x € K y todon > 1.

Lema 1.1.7. Sea K C N un conjunto compacto invariante de una aplicacion f: N — N
de clase Ct. Entonces K es un conjunto hiperbdlico si y solo si para cada v € K existe un

entero n = n(z) tal que | Df"(x) |> 1.
Ver, [42], Lema 2.1, pag. 220.

Teorema 1.1.8 (Misiurewicz). Si f : N — N es una aplicacion de clase C* con deriva-
da Schwarziana negativa. Un conjunto compacto invariante K es hiperbdlico si no contiene
puntos criiticos, puntos perioddicos no-hiperbdlicos o puntos periodicos atractivos hiperboli-

COS.
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Ver, [42], Teorema 3.2, pag. 231.
Aplicaciones de Misuirewicz

Sea f una aplicacién de clase C? y sea C(f) el conjunto de puntos criticos de f, es decir,
C(f) ={c: Df(c) = 0}. Decimos que f satisface la condicién de Misiurewicz si existe una
vecindad W de C(f) tal que

U remnw=a.

n>1

Sea f : N — N una aplicacién de clase C?. Decimos que un punto critico ¢ de f es
no-llano si existe un difeomorfismo local ¢ de clase C? con ¢(c) = 0 tal que para alguna
constante o > 2, f(x) = £|o(x)|* + f(c).

Teorema 1.1.9 (Casi-hiperbolicidad para aplicaciones de Misiurewicz). Supong-
amos que f : N — N es una aplicacion de Misiurewicz de clase C* con puntos criticos
no-llanos y con todos sus puntos periddicos hiperbdlicos y repulsores. Entonces para cada
vecindad W de C(f) suficientemente pequena, existen constantes C' >0 y X\ > 1 tales que
para cada x € N se tiene lo siguiente:

(1) si fi(x) ¢ W para 0 < j < k — 1, entonces

IDf* ()] > C- A%

(2) Si f*(x) € W entonces
[Df* ()] > C- A%

(3) sin ninguna condicidn, se tiene

D)= €N i DS @),

Ver, [42], Teorema 6.3, pag. 261.

El préximo teorema muestra que las estimaciones del teorema previo también valen para

un conjunto abierto de aplicaciones.

Teorema 1.1.10. Supongamos que f : N — N es una aplicacion de Misiurewicz de clase

C? con puntos criticos no-llanos y con todos sus puntos periddicos hiperbdlicos y repulsores.
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Entonces existen C > 0 y A > 1 y una vecindad W de C(f) tal que para cualquier vecindad
UCW de C(f) existe una vecindad % de f en la topologia C* tal que para cada g € U
se tiene:

(1) sixz,---,9" ¢ W para 0 < j <k — 1, entonces

|Dg"(z)| > C - \";

(2) Siz,g(x), -+ ,9" Hx) ¢ U yg"(x) € W, entonces

|Dg"(x)] = C - A"

(3) si g’(x) ¢ U para 0 < j <n —1 pero no necesariamente g"(x) € W, entonces

D@2 CN - f Dg(g! ()]

ERR

Ver, [42], Teorema 6.4, pag. 262.

Note que en el Teorema anterior la C'-vecindad % depende de la vecindad de los puntos
criticos. Asi al tomar vecindades arbitrariamente pequenas de los puntos criticos corremos
el riesgo que nuestra vecindad % se reduzca sélo a la funcién f. En este trabajo mejoramos
el resultado mostrando que la C''-vecindad no depende de la vecindad del punto critico (ver

Proposicién 2.2.9, Capitulo 2).

1.1.2. Discusién bibliografica sobre existencia de intervalos er-

rantes

En esta subseccién vamos a dar una breve exposicion referente a la existencia de inter-

valos errantes para ciertas clases de aplicaciones unidimensionales.

Nuestra exposicion relacionada con el problema de la existencia o no-existencia de in-

tervalos errantes es muy cercana a la de Melo, Strien [42] y Lyubich [37].

Sobre no-existencia de Intervalos Errantes:
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El Teorema de Poincaré dice que cualquier homeomorfismo del circulo sin puntos periédi-
cos es semi-conjugado a una rotacién. Denjoy [16] fortalece este resultado afirmando que
estd semi-conjungacién es de hecho una conjugacion siempre que el homeomorfismo y su
inverso son suficientemente suaves. La primera prueba de este teorema es debido a Denjoy,
quien usa incluso hipétesis mds débiles: f es un difeomorfismo de clase C*! cuya derivada
es una funcién de variacién acotada y la segunda prueba es debido a Schwartz [78]. Més

precisamente estos resultados son:

Teorema 1.1.11 (Denjoy [16]). Si f : S* — S es un difeomorfismo de clase C' y su

derivada es una funcion de variacion acotada entonces f no tiene un intervalo errante.
Ver, [42], Teorema 2.1, pag. 38.

Teorema 1.1.12 (Schwartz [78]). Sea N un intervalo compacto y f : N — N una

aplicacion continua satisfaciendo las siguientes condiciones:

i) f es mondtona por partes de clase C y

i) la aplicacion x +— log | Df(x) | se extiende a una aplicacion Lipschitz sobre N.

Entonces f no tiene intervalos errantes.
Ver, [42], Teorema 3.2, pag. 39.
Como consecuencia se tiene el siguiente corolario.

Corolario 1.1.13. Sea f : St — S una aplicacion de clase C? tal que Df(z) # 0 para

todo x € S*. Entonces f no tiene intervalos errantes.
Ver, [42], Corolario 1, pag. 41.

Guckenheimer [23] consideré una clase de aplicaciones 4 que satisfacen las siguientes

propiedades:

1) f:I—Tconl=1[0,1], f(0)=f(1)=0y feC3).

2) f tiene sélo un maximo local ¢ = ¢;. La funcién f es estrictamete creciente sobre

[0, ] y estrictamente decreciente sobre [c, 1]. Ademds, D?f(c) < 0.
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3) La derivada Scharziana de f es negativa: Sf(x) < 0 para todo = € I'\{c}.

Guckenheimer prob6 lo siguiente:

Teorema 1.1.14 (Guckenheimer [22]). Si f € € entonces f no tiene intervalos er-

rantes.

Otros resultados sobre no existencia de intervalos errantes fueron dado por Misiurewicz
[47] v [48].

Yoccoz [85] mostrd la no existencia de intervalos errantes para homeomorfismos del

circulo de clase C* teniendo s6lo puntos criticos no-llanos.

de Melo y van Strien [41] y [40] mostraron el mismo resultado para aplicaciones uni-
modales (no necesariamente teniendo derivada Schwarziana negativa) con puntos criticos
no-llanos y también para aplicaciones satisfaciendo la llamada condicion de Misiurewicz .
Ellos consideraron aplicaciones suaves no-invertibles del intervalo. Mas precisamente pro-

baron:

Teorema 1.1.15 (de Melo, van Strien [41], [40]). Sea f : [0,1] — [0, 1] una aplicacién
de clase C* tal que f(0) = f(1) =0 y f tiene un unico punto critico ¢ € (0,1). Si c es

no-llano entonces f no tiene intervalos errantes.

Teorema 1.1.16. (de Melo, van Strien [41], [40]). Sea f : N — N un endomorfismo
de clase C®. Supdngase que f satisface las siguientes propiedades: a) todo punto critico
es no-plano; b) la drbita hacia adelante de cada punto critico no acumula al conjunto de

puntos criticos de f. Entonces f no tiene intervalos errantes.

Lyubich [37] y Blokh, Lyubich [11] mostraron la no-existencia de intervalos errantes para
aplicaciones suaves tales que todos sus puntos criticos son puntos de inflexion. Ellos intro-
dujeron nuevas herramientas, las que generalizan a las de Guckenheimer [23] y utilizaron
las herramientas analiticas desarrolladas por de Melo y van Strien [41], [40]. En forma més
precisa, sea M una variedad compacta unidimensional con borde, es decir, una unién finita
disjunta de intervalos y circulos. Consideremos la clase &y de aplicaciones f : M — M
de clase C?, teniendo d, d > 1, puntos criticos ¢, € int(M) (d-modal”), 1 < k < dy

satisfaciendo las siguientes condiciones:



Chapter 1. Preliminares 19

(U1l) En una vecindad perforada de los puntos criticos vale la siguiente estimacién
A= 7<) f@) [ Ao — e |
donde Ay, As, B, > 0.
(U2) Los puntos criticos ¢ son extremos.

(U3) La aplicacién f es de clase C® y tiene derivada Schwarziana negativa.

Sea 0 = J;—, O4. Entonces Lyubich [37] obtuvo el siguiente teorema.
Teorema 1.1.17 (Lyubich [37]). Una apliacién f € € no tiene intervalos errantes.

Blokh y Lyubich [11] presentan una continuacién de Lyubich [37]. Aqui este resultado se
extiende al caso suave. Ellos definen una amplia clase «7; pero requiriendo las propiedades

(U1), (U2) y (U3) pero (U3) sélo es satisfecha localmente en los puntos criticos.

En particular, una aplicacién f de clase C*° con puntos criticos no-llanos satisface (U1)
y (U3) (local).

Sea o/ = J,, 4, entonces Blokh y Lyubich [11] probaron el siguiente teorema.

Teorema 1.1.18 (Blokh, Lyubich [11]). Una apliacion f € &/ no tiene intervalos

errantes.

de Melo and van Strien [42] prueban la no existencia de intervalos errantes para aplica-
ciones no-invertibles de clase C? definidas o bien en el intervalo unitario [0, 1] o en circulo
unitario S y teniendo un nimero finito de puntos criticos los cuales son no-llanos (ver
[42], Teorema A, pag 267). Ellos en la prueba combinan los instrumentos analiticos desar-
rollados en de Melo y van Strien [41] con los ingredientes topolégicos de Blokh y Lyubich
[11]. Puntos de inflexién también se permite en la prueba. Ademés, la suavidad requerida
en la prueba es, precisamente, la misma que necesita en el resultado sobre la no-errante de
intervalos errantes, debido a Denjoy [16]. Ellos prueban para hip6tesis més generales. Es
valida para aplicaciénes en las colecciones A1+ y A1+ donde, A1 es la clase de
aplicaciones absolutamente continuas f : N — N, N tal que la condicién a) y b) dadas aba-
jo son satisfechas; y .4 1*Z es la clase de aplicaciones absolutamente continuas f : N — N

tal que las condiciones a) and V') dadas abajo son satisfechas.
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a) Para cada xy € N existe a > 1, una vecindad U(zg) of xp, y un homeomorfismo
¢ U(zog) — R tal que ¢(z9) =0y

f(@) =+ [ o) [* +f(xo) Vo € Ulxo).

b) log(D¢) coincide con la restriccién de una funcién de variacién acotada, para cada

homeomorfismo ¢.

b’) ¢ = log(Dg) satisface la condicién de Zigmund: 1 (z)+1(y) =2 (52) = O(| z—y |),
donde O(t) es la aplicacién tal que O(t)/t es acotada.

Esta clase incluye, ademds de aplicaciones de clase C? sin puntos criticos llanos, todas
las aplicaciones continuas que son C? por pedazos (o C! y satisfaciendo la condicién de Zig-
mund) y puntos criticos no-llanos. de Melo y van Strien [42] tienen una natural ampliacién

de las ideas originales de Denjoy para aplicaciones con puntos criticos.
Sobre Existencia de Intervalos Errantes

Denjoy [16], muestra la existencia de aplicaciones C' con intervalos errantes. Previa-
mente a enunciar el resultado de Denjoy, vamos a definir un poderoso invariante topoldgico
llamado ndmero de rotacién de un homeomorfismo definido sobre S!, introducido por
Poincaré (1881-1886). Sea f : S* — S! un homeomorfismo del circulo (el cual necesaria-

mente preserva orientacién), sin puntos periddicos. Sea ¢ € S y sea L = [c, f(c)) un arco

positivamente orientado conectando ¢ a f(c). La fraccién et i(z)ELn’OSignfl} tiene un limite

cuando n tiende a infinito y este limite es llamado el nimero de rotacion de f.

Teorema 1.1.19 (Denjoy). Para todo nimero iracional «, existe un difeomorfismo f de

clase C* con mimero de rotacién igual a o el cual tiene un intervalo errante.
Ver, [42], Teorema 2.3, pag. 43.

Permitiendo diferenciabilidad C! o existencia de puntos criticos llanos, pueden aparecer
intervalos errantes (ver, [58], [15] y [25]). El ejemplo de Ivanov [32], muestra que es esencial
asumir que la aplicacién tenga alguna suavidad. Mas ain Herman [29] muestra ejemplos

de C* *-difeomorfismos (una aplicaciéon f se dice C?*~*-difeomorfismo si D f satisface la
[Df(x)=Df(y)l

lz—y|t=¢

condicion de Holder that sup,, < 00) con numero de rotacién irracional

arbitrario y teniendo un intervalo errante.
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1.2. Sistemas dinamicos sobre una variedad de dimen-

sion tres

1.2.1. Definiciones, notaciones y resultados clasicos sobre dinami-

ca discreta

En esta subseccién introducimos los conceptos elementales de dindmica tri-dimensional
referente a hiperbolicidad, hiperbolicidad-singular, transitividad robusta y atractores ro-

bustos.
Conjuntos Hiperbdlicos
Sea. M una variedad compacta de dimensién n, n > 1.

Definicién 1.2.1. Sea f : M — M un difeomorfismo de clase C", r > 1 (o r = c0). Un
conjunto compacto f—invariante A es hiperbdlico si existen una descomposicion continua

del fibrado tangente de M restricto a A, TAM, la cual es T f invariante:
T\M = E* & E*; Tf(E) = E* Tf(E") = E%
y para la cual existen constantes ¢ positiva y A con 0 < A < 1, tales que

| Tfes || < A" Vn >0,
| Tf g || < eA"Vn>0.

Un punto x € M es punto a-limite de f si existen un punto y € M y una sucesién de
enteros 0 < ny < ny < ... tales que f~"(y) — x cuando i — oco. Similarmente, x € M es
punto w—limite de f si existen un punto y € M y una sucesién de enteros o < n; < ns < ...

tales que f™i(y) — x cuando i — 0.
Denotemos por Clos(A) como la cerradura de un conjunto A.

El conjunto de puntos a—limite de y es denotado por a(y) y el conjunto de puntos

w—Ilimite de y es denotado por w(y).
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Sea L, (f) el conjunto de puntos a—limites de f y L, (f) el conjunto de puntos w—limites
de f. Se define

L(f) = Clos(La(f) U Lo (f))-

Llamamos a L(f) el conjunto limite de f.

L(f) es cerrado e invariante y toda érbita aproxima L(f) en el futuro y pasado. Estu-

diaremos la situacién cuando L(f) es hiperbdlico.

Primero recordemos la nocién topoldgica del indice de una aplicacién. Sea A la bola
unitaria cerrada de R" y sea OA = S ! la (n—1)—esfera. Si f : A — R" es una aplicacién
continua sin puntos fijos sobre A, uno define el indice de f sobre A como el grado de la
aplicacién z +— ‘i:]fcg; para x € S"!. El indice es denotado por Ind(f,A). Si ¢ : R* —
R"™ es un homeomorfismo que preserva la orientacion, D = ¢(A) y f es una aplicacién
continua de D en R™ sin puntos fijos sobre 9D, denotamos por Ind(f, D) = Ind(¢~'f¢, A).

Llamamos Ind(f, D) el indice de f en D. El indice no depende del homeomorfismo que

preserva orientacion ¢.
Es sabido que si Ind(f, D) # 0 entonces f tiene un punto fijo en D.

La siguiente proposicién es probada utilizando el argumento cldsico del indice (ver New-
house [56]). Nosotros seguiremos este argumento para mostrar la existencia de puntos fijos
para cierto tipo de difeormorfismos del plano (ver la prueba del Teorema 3.1.1, Capitulo 3
y Teorema 4.1.10, Capitulo 4).

Proposicién 1.2.2. Si L(f) es hiperbolico, entonces las orbitas periodicas son densas en

L(f).-

1.2.2. Notaciones, definiciones y resultados clasicos sobre dinami-

ca continua

Sea M una variedad compacta diferenciable de dimensién 3 (con borde posiblemente
vacio). Denotemos por T'M, el fibrado tangente de M, el cual estd formado por todos
los vectores tangentes a M. Un campo de vectores de clase C", r > 1 (o 7 = 00) es

una aplicacion de clase C™ X : M — TM que, a cada punto p € M, asocia un vector
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X(p) € TM,. Denotemos por 2" (M), r > 1, como el espacio de los campo de vectores
de clase C" dotado de topologia estandar C". También vamos a denotar por X;, t € R el
flujo generado por X. Recordemos que este flujo es una acccién X : R x M — M, es decir,
Xo=1idy y Xs0X; = Xgyy para todo s,t € R.

La orbita de X para el punto p € M es el conjunto O = Ox(p) = {X;(z) : t € R}.

Una singularidad de X es un punto ¢ € M tal que X(0) = 0 (equivalentemente,
Ox (o) = {c}). Una drbita periédica de X es una 6rbita O = Ox(p) tal que Xr(p) = p
para algin nimero 7" > 0 minimo (equivalentemente, O es compacto y O # {p}). Una

orbita cerrada de X es o bien una singularidad o bien una 6rbita periédica de X.

El conjunto omega limite del punto p € M es le conjunto wx(p) = {x € M : & =
lim,, .o X3, (p), para alguna sucesion t,, — oco}. El conjunto alpha limite de un punto p €
M es el conjunto ax(p) = {zx € M : z = lim, ., X_4,(p), para alguna sucesién t, — co}.
Un punto p € M es llamado no -errante para X si para cada T' > 0 y cada vecindad U de
pen M existe t > T tal que X;(U)NU # 0. El conjunto de puntos no-errantes de X es
denotado por (X).

Un conjunto compacto A C M es:

Invaviante si X;(A) = A, Vt € R.

Transitivo si para algin p € A, A = wx(p).

No-trivial si A no es una orbita cerrada de X.

Aislado si existe una vecindad compacta U de A tal que

A=(X(U)

teR

(U es llamado bloque aislante).

Atractivo si existe una vecindad compacta positivamente invariante U, es decir,
X (U) C U, Vt >0, such that

Atractor si éste es un atractivo transitivo.
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Muchos autores llaman atractores a aquellos conjuntos que nosotros llamados de atrac-

tivos, ver Milnor [46].

Definicion 1.2.3. Un conjunto aislado y transitivo A de X es C"-robusto transitivo, r > 1,
si existe un bloque aislante U de A y una vecindad % de X (en el espacio " (M)) tal que
para todo Y € U , (g Yi(U) es un conjunto transitivo no-trivial de Y.

Conjuntos Hiperbdlicos

Definicion 1.2.4. Un conjunto compacto invariante A C M de X es hiperbdlico si existe
una descomposicion continua y DX;—invariante del fibrado tangente de M sobre A de la
forma

TM = E*® EX 9o E,

tal que para algunas constantes A, K > 0 y una métrica riemmaniana en M se tiene:

1. | DXy E® ||< Ke ™, ¥Vt > 0 (i.e., E* es el subfibrado (K, \)—contractor);
2. || DX 4|E* |< Ke ™, Vt >0 (i.e., E* es el subfibrado (K, \)—ezpansor);
3. EX =(X) (i.e., EX es la direccién del campo).

Una o6rbita cerrada de X es hiperbdlica si y sélo si vista como un conjunto compacto

invariante de X es hiperbdlica.

Recordemos algunas propiedades de conjuntos hiperbélicos [31]. Por la teoria de las
variedades invariantes tenemos que si A C M es un conjunto hiperbdlico para X, entonces

para cada p € A, los conjuntos topolégicos

W (p, X)={q € M :d(X,(q), X¢(p)) — 0,cuandot — oo}

W (p,X)={qe M :d(X.(q),X:(p)) — 0,cuandot — —oo}.

son variedades inmersas univocamente en M de clase C" tangentes en p a EJ y E, respec-
tivamente. Estas variedades invariantes se llaman variedades estable e inestable fuertes.

Las variedades estable e inestable fuertes locales de tamano ¢ son definidas como

W2 (p, X)={q € M :d(X,(q), Xs(p)) <e,Vt >0}



Chapter 1. Preliminares 25

W2 (p, X) ={q € M :d(X:(q), Xi(p)) <e,Vt <0}.

Por lo tanto, otra forma de obtener las variedades estables e inestables fuertes es la
siguiente:
W (p, X) = [ X-o(W2* (Xi(p), X))

t>0

W (p, X) = | Xe(W(X_i(p), X)).

t>0

Sip,p’ € A, tenemos que W*(p, X)) y W**(p/, X) o son iguales o son disjuntas (similar-
mente vale para W**). Las transformaciones p € A — W*(p, X) yp € A — W*(p, X)

son continuas sobre subconjuntos compactos. Para todo p € A definimos

W (p, X) = [ JWV*(Xi(p), X)) y W*(p, X) = | J W™ (Xi(p), X))

teR teR

los conjuntos estables e inestables de la érbita del punto p. En general W?*(p, X) y W*(p, X)
son tangentes en cada p € A a B & E;( y E;( ® L), respectivamente, y dependen contin-

uamente de p.
Conjuntos Hiperbdlicos-Singulares

Dado un operador lineal A, definimos m(A) por

m(A) = inf | Av H
w0 [l

Definicion 1.2.5. Sea A C M un conjunto compacto invariante de X . Una descomposicion

continua y DX,;—invariante del fibrado tangente de M sobre A, de la forma
TAM = E\ @ Fh,

es una descomposicion dominada, si existen una métrica Riemanniana en M y constantes

positivas K, \ tales que

| DXi(x)| E: |

< Ke ™ VzeA, Vt>0.
m(DXy(x)|Fy) —
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En este caso se dice que el sub-fibrado F es (K, \)—dominado por el subfibrado E.

Definicion 1.2.6. Un conjunto compacto invariante A de X es parcialmente hiperbdlico,

si éste exhibe una descomposicion dominada
T\M = E} & E}
en que E° es dominado por E® y tal que EY es un sub-fibrado contractor, i.e.,

| DX, (z)|ES ||< Ke ™, Vx € A, Vt > 0.

El sub-fibrado Ef es llamado el sub-fibrado central.

Para z € Ay t € R sea Jf(x) el valor absoluto del determinante de la transformacién
lineal

Diremos que un conjunto parcialmente hiperbélico A expande volumen (o (K,\)— ex-

pande volumen) en el sub-fibrado central, si

J(z) > KM Vo € A, Vt > 0.

Definicion 1.2.7. Un conjunto compacto invariante A de X; es hiperbdlico-singular para
X si A es parcialmente hiperbdlico, el sub-fibrado central expande volumen y cada singu-

laridad en A es hiperbdlica.
Ciclos Singulares
Un ciclo de un campo de vectores X es un subconjunto compacto invariante I' = I',UT",
donde
(1) T'. = {61,...,0;} es formado por un nimero finito de elementos criticos (singularidades
u é6rbitas periddicas);

(2) T, consiste de drbitas regulares no-periédicas cuyos conjunto a—limite y w—limite

estan contenidos en I',;
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(3) Paracadai € {1,...,k —1} existe una 6rbita v de T, tal que a(y) = 0; y w(7y) = 0;11,
y para i =k, 0,11 = 0.

El ciclo I' es llamado singular si él contiene al menos una singularidad. Es llamado
hiperbdlico si todos los elementos criticos involucrados en él son hiperbélicos. Un ejemplo
de ciclo singular es la Herradura singular [34] en el cual involucra una singularidad y
una orbita periddica regular. La existencia the ciclos singulares es un impedimento para
la estabilidad estructural y es propia de los campos de vectores. Labarca, Pacifico [34]
introducen la Herradura Singular como un modelo para flujos estables no hiperbdlicos en
el contexto de variedades con borde. Un estudio sisteméatico de la dinamica asociada a
ciclos singulares conteniendo orbitas periédicas fue iniciado por Bamoén, Labarca, Mané,
Pacifico [6].

1.2.3. Discusiéon bibliografica sobre transitividad robusta, atrac-

tores robustos e hiperbolicidad-singular

Atractor de Lorenz

Existe un importante fenémeno, especifico del caso continuo, que impide la hiperboli-
cidad del sistema (y la no densidad de la hiperbolicidad): acumulacion robusta de singu-
laridades por orbitas requlares recurrentes del flujo. El primer ejemplo de este fenémeno,

originado del famoso sistema de ecuaciones diferenciales en R3,

r = —ox+oy
pT — Y — TZ (1.1)
= .Ty—ﬁ$7

fue propuesto por E. Lorenz [36] como un modelo simple para dependencia sensitiva a
las condiciones iniciales, vagamente relacionado a la convecciéon de fluidos y prediccion
del tiempo. Un anélisis detallado de estas ecuaciones pueden ser encontrado en el libro
de Sparrow [77]. Afraimovich, Bykov, Shil'nikov [2] y Guckenheimer, Williams [GW 79],
[WT9] proponen modelos geométricos exhibiendo este fenémeno. Un atractor robusto con
una singularidad acumulada por orbitas regulares recurrentes del flujo, en el cual las afir-

maciones hechas por Lorenz pueden ser verificadas rigurosamente. Una clase abstracta de
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conjuntos hiperbolicos generalizados extendiendo estos modelos geométricos, fue propuesta
por Pesin [64] y Sataev [72].

Sin embargo, tom¢d algunas décadas antes de establecer que atractores similares a los

modelos geométricos de Lorenz aparecen en el sistema originalmente propuesto (1.1):

Teorema 1.2.8 (Tucker [82], [83]). Las ecuaciones de Lorenz soportan un atractor

robusto para los pardametros cldsicos, o =10, p =28 y § = 8/3.

A partir de mediados de los anos noventa, se estaba elaborando una teoria para explicar
el fenémeno de la convivencia robusta de orbitas singulares y regulares en un mismo con-
junto transitivo, describiendo las propiedades de tales conjuntos. Un gran progreso fue dado
por el trabajo de Morales, Pacifico & Pujals [53], [50], mostrando que conjuntos robustos
singulares de flujos 3-dimensionales son atractores o repulsores hiperbdlicos-singulares vy,
que de hecho, ellos comparten las principales propiedades de los atractores geométricos
de Lorenz. Para una discusién bibliografica méas detallada sobre Hiperbolicidad singular,

atractores robustos y transitividad robusta ver [4] y [13].
Flujos Sobre Variedades con borde

Sistemas dindmicos sobre variedades con borde han sido estudiados por muchos autores
(ver por ejemplo, [3], [33], [34], [60], [65], [18], [70], [66], [81], [63], [19]). Pacifico [60] y
Labarca, Pacifico [33] extendieron al caso con borde la teorfa de sistemas Morse-Smale. En
efecto, consideraron un subconjunto abierto-denso 2Z.>°(M,dM) del espacio 2 *°(M,0M)
de campo de vectores C'° tangente a M, donde M es una variedad compacta con borde
OM . Ellos extienden la definicién de campo de vectores de Morse-Smale a fin de demostrar
la equivalencia, en elementos de Z.>°(M, M) con conjunto no-errante simple, entre esta-

bilidad estructural y la condicién de ser Morse-Smale.

Con el espiritu de seguir analizando fenénemos que podrian presentarse en flujos definidos
en variedad con borde, Labarca & Pacifico [34] construyen un campo de vectores sobre
la bola unitaria tri-dimensional tangente al borde, C'-estructuralmente estable pero con
conjunto no-errante no hiperbdlico. Esto marca la diferencia del caso sin borde, donde

estabilidad C'-estructural implica hiperbolicidad del conjunto no-errante [28].

El ejemplo construido por Labarca & Pacifico [34] da origen a una aplicacién definida
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sobre un rectangulo en si mismo la cual recuerda a la aplicacién herradura de Smale [76].

Por esta razén este ejemplo es llamado herradura singular.
Transitividad Robusta e Hiperbolicidad-Singular

El teorema de la descomposicién espectral de Smale [76], proporciona una descripcion
del conjunto no-errante de un sistema estructuralmente estable como un ntimero finito
de conjuntos compactos mazimales invariantes y transitivos. Cada una de estas piezas
se entiende muy bien, tanto desde el punto de vista determinista y como del estadistico.
Ademas tal descomposicién persiste bajo pequefias perturbaciones C!. Esto, naturalmente,
lleva al estudio de conjuntos transitivos aislados que se mantienen transitivos para todos

los sistemas cercanos (robustez transitiva).

A continuacién enumeramos una serie de resultados relacionados a: transitividad robus-

ta, atractores e hiperbolicidad-singular para flujos definidos en variedades sin borde.

Teorema 1.2.9 (Doering [17]) Sea X € 2 (M?). Si A = M3 es un conjunto C*-
robusto transitivo de X. Entonces el flujo es de Anosov. En particular el flujo no tiene

singularidades.

En el caso en que A es un subconjunto propio de M y contiene singularidades, tenemos

la siguiente caracterizacién.

Teorema 1.2.10 ( Molares, Pacifico, Pujals [50]). Un conjunto C'-robusto transitivo
conteniendo singularidades de un flujo sobre una variedad cerrada de dimension 3 es un

atractor propio o bien un repulsor propio.

Teorema 1.2.11 ( Molares, Pacifico, Pujals [53]). Un conjunto C'-robusto transitivo
conteniendo singularidades de un flujo X sobre una variedad cerrada de dimension 3 es

hiperbolico-singular para X o bien es hiperbdlico-singular para —X.
Las Singularidades de los atractores robustos son tipo-Lorenz

Un conjunto aislado A C M es robusto singular para X € 2 (M) si existe una vecin-
dad U de A en M y una C'-vecindad % de X en 2'(M) tal que para todo Y € %,
Ay (U) = (\er Y2(U) contiene una singularidad. Denotemos por S(X) como el conjunto de

las singularidades de campo de vectores X.
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Una singularidad ¢ de X es tipo-Lorenz si los autovalores \;, 1 < ¢ < 3, de DX (o) son

reales y satisfacen Ay < A3 <0 < —A3 < Ay.

Teorema 1.2.12 ( Molares, Pacifico, Pujals [50]). Sea A un conjunto robusto singular
transitivo de X € 2 1(M). Entonces, paraY = X o bien paraY = —X, toda o € S(Y)NA
es tipo-Lorenz y satisface W*(o) N A = {c}.

Como una consecuencia, aplicada a atractores robustos, es decir, atractores que persisten

para campos de vectores C''-cercanos y permanecen transitivos, tenemos

Teorema 1.2.13( Molares, Pacifico, Pujals [50]). Toda singularidad de un atractor

robusto sobre una variedad de dimension 3 cerrada es tipo-Lorenz.
Atractores Robustos son Hiperbdlicos-Singulares

Teorema 1.2.14 ( Molares, Pacifico, Pujals [50]). Atractores C'-robustos de X €

ZH(M?3) conteniendo singularidades son conjuntos hiperbdlicos-singulares para X .

Procediendo como en Liao [35] (ver Teorema A), se concluye que atractores robustos sin
singularidades sobre una 3-variedad son hiperbdlicos. Por lo tanto se obtiene la siguiente

dicotomia.

Teorema 1.2.15. Sea A un atractor robusto de X € Z'(M3). Entonces A es hiperbdlico

o bien es hiperbolico-singular.
Consecuencias de Hiperbolicidad-Singular

Proposicién 1.2.16. Sea A un conjunto compacto hiperbélico-singular de X € 2 (M).
Entonces cualquier conjunto compacto invariante I' C A sin singularidades es un conjunto

uniformemente hiperbdlico.

Sea A un conjunto aislado de X € 2" (M), r > 1. Decimos que A es C"-robusto periddico
si existe un bloque aislante U de A y una vecindad % de X en X"(M) tal que para todo
Yeu, A\yv(U)= Per(Y)NAy(U).

Teorema 1.2.17 ( Molares, Pacifico, Pujals [50]). Un atractor hiperbélico-singular

C"-robusto periodico r > 1 sobre una 3-variedad con sélo una singularidad, es C"-robusto.
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Este resultado, primero probado en [51], da condiciones explicitas en termino de los
flujos cercanos, suficientes para robustés de atractores. Uno debe aspirar a obtener condi-
ciones suficientes que sélo dependan del flujo. Esto fue recientemente logrado por Arroyo y
Pujals en [5], donde se obtiene un criterio, que depende sélo del conjunto, para que un con-
junto atractor sea C''-robusto transitivo. Este criterio no tiene restriccién sobre el niimero

de singularidades.

Teorema 1.2.18. Sea A = Ax(U) un atractor hiperbdlico-singular de X € Z (M) con
vecindad aislante U. Entonces el conjunto de puntos periodicos es denso en A y A es la
clase homoclinica de al menos una de estds orbitas. Ademas, asumiendo que existe oy > 0
tal que para todo 0 < 0 < dg el subconjunto maximal invariante positivo de U\Bs(S(X))

es transitivo. Entonces A es C'-robusto transitivo.
Atractores y Conjuntos Aislados para Flujos C!

Sea A un conjunto aislado de X € 2" (M), r > 1. Decimos que A contiene robustamente
la variedad inestable de un elemento critico si existen xg € C'(X) N A, un bloque aislante
U de A y una vecindad % de X en 2" (M) tal que para todo Y € %, Wy (zo(Y)) C U.

Teorema 1.2.19 ( Molares, Pacifico, Pujals [50]). Sea M una n-variedad compacta,
n >3 y A un conjunto transitivo aislado de X € 2 1(M). Supénga que todo x € C(X)NA
es hiperbolico. Si A contiene robustamente la variedad inestable de un elemento critico,

entonces A es un atractor.
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One-dimensional contracting singular

horseshoe

In this chapter we prove C* structural stability restrict to certain kind of one-dimensional
maps. The motivation is [34] where the authors prove such a property under an expanding
condition. Here we obtain analogous result but under a contracting condition resembling

the so-called Rovella attractor [71].

2.1. Statement of the Main Theorem

This chapter is motivated by [34] where it is proved C structural stability for certain ex-
panding maps in the interval. Here we obtain an analogous result but under the contracting

condition introduced in [71]. Let us give the precise statements of our results.

Hereafter we fix two real numbers a, b such that 0 < a < b < 1.

Definition 2.1.1.. Define o as the set of C*-maps f : dom(f) C R — R satisfying the

following properties:
(i) dom(f)=1[0,a]U[b,1]. Moreover, f is a increasing on [0,a] and decreasing on [b, 1],

32
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f(0)=0and |Df(0)| > 1, f(1) =0 and Df(x) = 0 if and only if x = 1. Additionally
f(a) > 1 and f(b) > 1.
(ii) There is a constant ay > 1 such that
flz) =]z —1|"Hs(z), Va € [b,1]
where Hy : [b,1] — R is a positive C'-map with H;(1) # 0. Moreover lim, 1 (z — 1) -
0.

DHy(z) =

We put the following metric in o7:

dei(f,g) = méx{sgp!f(x) —g(fv)l»sgp!Df(ﬂf) — Dg()|,
sup |Hy(z) — Hy(2)], sup [(z = 1) (DH(x) — DHy())],

lay —agy| :x € [0,a] U b, 1]}.

Remark 2.1.2.. For the metric above, a neighborhood % in </ of a map f is formed by

maps belonging to an usual C*-neighborhood satisfying the additional condition:
There are constants K > 0 and o > 1 such that

1
?]x—1|“*1§|Dg(m) <K K|z—1|*" Voelbl], Vge%.

In relation with this inequality see Lyubich [37].
For all f € & there are z15 and wof with 0 < x5y < a < b < @y < 1 such that

f(z1y) = f(xor) = 1. Then, we can define

domg(f) = [0, z1f] U [z2f, 1].

Figure 2.1 displays the essential features of the map f € & restricted to domg(f).

Definition 2.1.3.. We say that f,g € o/ are topologically conjugated if there is a homeo-
morphism h : [ — I such that goh = ho f. We say that f is structurally stable if there is
a neighborhood N of f in (o ,dcr) such that each g € A is topologically conjugate to f.
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0 %, x, 1

Figura 2.1: f restrict to domg(f)

Given f € « of class C® the Schwarzian derivative of f at x € dom(f) \ {1} is defined
by

_ D)3 (DAl

S0 = D) 2\ Dfw)

A C3-map f € & has negative Schwarzian derivative whenever S f(x) < 0 for all x # 1.

Our main result is the following.

Main Theorem. Every f € of with negative Schwarzian derivative is structurally stable.

As already mentioned, this result is inspiried by [34] where expanding maps in the
interval were considered. The proof in [34] used the injectivity of the Milnor-Thurston
coordinates [45] to construct the conjugacy. In our case, the hard part is to prove such
an injectivity and to do it we will show the non-existence of wandering intervals first.
Afterward the structural stability will follow from the arguments in [34] (see, section 4,
pag. 344-345), inspired by Guckenheimer and Williams [24] (see, section 2) and Parry
[62] (see, pag 377). Efforts have been made by a number of authors (see, [16], [78], [58],
[23], [25], [85], [44], [41], [37], [11], [12], [40], [59], [10], [32], [39], [42] and [79]) towards
proving the non-existence of wandering intervals because their appearance complicates the
understanding of the dynamics. They involved some smoothness and other ingredients
on the considered maps. In the present case we only require C'-smoothness or allow flat

critical point or other ingredients, so wandering intervals may appear (see, [58], [44], [32],
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[42]: Theorem 2.3, pag 43, [15], [25], [26], [73], [10] and [14]).

2.2. Proof of the Main Theorem

To achieve our goal we need to recall the Minimum Principle for map with negative

Schwarzian derivative ([42], pg. 154).

Lemma 2.2.1. (Minimum Principle). Let f € &/ be a map with negative Schwarzian
deriative and T = [ag, by] be a closed interval contained in dom(f). If Df(x) # 0 for all
x €T, then

| Df(x) |> min{| Df(ao) |,[ Df(bo) [}, Va € (ao, bo)-

The Minimum Principle will be used to find an lower bound, non depending on ¢, for
the derivative D f'(z) for all  such that f(x) is far from 1 and 0. A similar constant was

obtained in [55] for the considered maps (see Lemma 3, equation (8), pag. 880).

Lemma 2.2.2.. Let us consider a map f € &/ with negative Schwarzian derivative and
two real numbers ¢ and d, 0 < ¢ < d < 1. Then there exists a constant Coy = Co(f,c,d) > 0
such that Vi € N and x € dom(f*) with f'(x) € [c,d] we have that

|Df ()] > Co. (2.1)
Proof. Fix f € o/ with negative Schwarzian derivative and two numbers ¢ and d such that
0<e<d< 1
Define

Co = min{e, 1 —d}.

Now, given 7 € N and z such that f(z) € [c, d].

Let us consider I, = [&,&;] the maximal interval containing x where f? is defined.
For maximality of I, we have that either [0,c] C fi([¢,2]) and [d,1] C fi([x,&]), or
[d, 1] € f'([6o, 2]) and [0, ¢] C f([z, &1)).
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In both cases, by Mean Valued Theorem there are 50,51 with & < éo <z < 51 <&
such that

| Df(&) | = == > (f (6o, 7)) = Co (2.2)

and

(S ([, &)
[([z, &])

where [(J) denotes the length of the interval J.

| D& | = > U(f'([z,&])) = Co, (2.3)
Using the Minimum Principle (Lemma 2.2.1), (2.2) and (2.3) we obtain that
Df @)| > min {[Df &) IDFE)} = Co,
therefore the lemma follows.

Figure 2.2 it illustrates the situation for f? for i = 2. |

0 & & ab 151

Figura 2.2: Case f* for i = 2.

Now we will use Lemma 2.2.2 to obtain a similar conclusion for maps in a neighborhood

of f in &7. Indeed, we will prove the following lemma.

Lemma 2.2.3.. Let us consider f € of with negative Schwarzian derivative and two real
numbers ¢; and dy, 0 < ¢; < dy < 1. Then there is Cy = Cy(f,c1,dr) > 0 such that for all
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N € N there is a C'-neighborhood 1 = ¥1(f, N,c1,dy) of f in </ such that for all integers
I <N, ge? and x € dom(g') such that g'(z) € [c1,d1] we have that

|Dg'(x)| > Ch. (2.4)
Proof. Fix f € o/ with negative Schwarzian derivative and ¢; and d; as in the statement
of Lemma.

Take the real numbers ¢ and d with 0 < ¢ < ¢; and d; < d < 1. It follows from the
definition of the C'-topology of & that for all j > 1 there is a neighborhood ¥ (j) of f in
o/ such that if g € ¥ (j), w € dom(g’) and ¢/ (w) € [c1,d;] then w € dom(f7) and

fi(w) € [c,d). (2.5)

To see this, we extend the functions g € & to a endomorphisms at some interval as it

is shown in the Figure 2.3.

Figura 2.3: Extension of g € &7 to a endomorphisms at the interval.

Take Cy given by Lemma 2.2.2 applied to f, ¢ and d as above. It follows from the
definition of the C''-topology of &/ that for all 4 > 1 there is a neighborhood ¥ (i) of f in
o/ such that if g € ¥ (i), z € [0,1] then

DF(2)~ Dg()] < . (2:6)
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Now fix an integer N > 1. Define

U =U(f,N)= 7 (j)
1<j<N
and
U=U(fN)= 40
1<i<N
Define
N=UNU

Taking C = %, let us prove that the neighborhood #; works. For this we fix an integer
1 <1< N,g€ ¥ and x € dom(g') such that g'(x) € [c1,dy]. In particular g € % then
(2.5) implies that f!(z) € [¢, d] (taking j = ). Moreover, as in particular g € % then (2.6)
implies |Df!(z) — Dg'(z)] < L (taking i = ). As fY(z) € [c,d], (2.1) in Lemma 2.2.2
(taking ¢ = [) implies

|DfY(z)] > Cp. (2.7)
Therefore, (2.7) implies
|Dg'(z)| = |Dg'(x) — Df'(x) + Df'(2)|
> |Df'(x)| = |Dg'(x) = Df'(z)]
C
> Cp— 70
Co
- 7 - Clv
this completes the proof. |

Definition 2.2.4.. Let us consider f € &/. A f-invariant subset K C dom(f) is said to
be a hyperbolic set for f if there are constants C' > 0 and X\ > 1 such that for every x € K
and every n € N

IDf"(z)] > CA™.

We say that f is hyperbolic in K if K is a hyperbolic set for f.

In an easy way we obtain a following characterization for a compact invariant hyperbolic

set. (see [42], see also Lemma 1.1.7 of the Preliminaries).
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Proposition 2.2.5.. Let us consider f € o/ and K an f—invariant compact set. Then,
K is hyperbolic for f if only if for each x € K there exists a integer n = n(z) such that
|Df"(x)] > 1.

We say that ¢ is a critical point of f € o if Df(c) = 0.

Definition 2.2.6.. Let us consider f € &/ and ¢ a critical point of f. We said that f is
hyperbolic far away from c if for any § > 0, f is hyperbolic in the mazimal f-invariant set

contained in the complement of a neighborhood of size § around c.

First of all we note that if f € & with negative Schwarzian derivative then f € & is
hyperbolic far away from 1. In fact, fix f € o/ with negative Schwarzian derivative. For
any 0 > 0 let (1 — ¢, 1] be a neighborhood of size ¢ around 1. We define

V() = [0,a]Ub1—0]
WEG) = {z e VE)|fix) € V(6),i=0,..k—1}, Vk>1
As0) = (w5

k>1

By definition, Ay(0) is an forward-invariant compact set that do not contain the critical
point 1. By Singer’s Theorem (see [42], pag. 155, see also [74]) and Misiurewicz’s Theorem
(see [42], pag. 231) we have that A(0) is a hyperbolic set.

Lemma 2.2.7.. For every f € o with negative Schwarzian derivative there are dy =
d2(f) > 0 and a constant Cy = Co(f) > 0 satisfying the following property: for all 0 < 6 <
8y there are Ay = X\o(f,0) > 1 and a C'-neighborhood Vo = ¥5(f,d) of f in </ such that
if g € Y3 and for k € N, x € dom(g*) satisfying that z,g(z),...,g" (x) ¢ (1 — 6,1] and
g*(z) € [1 — 6, 1] then

|Dg*(x)| > Cu)5. (2.8)
Proof. Let consider f € & with negative Schwarzian derivative. Choose d, > 0, ¢1,d;

with 0 < ¢; < d; < 1 and a C* neighborhood #; of f in 7 in such way that if g € %5 and
x € dom(g) satisfy g(x) > 1 — 0 then z € [¢1,d4].
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Let Cy be as in Lemma 2.2.3 applied to f, ¢; and d; chosen as above. Let consider
Cy <min{|Df(z)| : x € [¢1,dy]}. Shrinking %3, we can suppose that for all g € %5, for all
x € [¢1,dy] then [Dg(x)| > Cy. Define

Cy = min{1, Clécl}.

Now fix §,0 < & < d9. For such a § we shall find ¥5 and Ay as follows:
For all h € o7, we define the auxiliary sets

V() = [0,a]U[b1— 4]
§) = {xeV(©®)h(x) €V(6),i=0,...k—1}, Vk>1
M) = ()W)

E>1

As we just observed, by Singer’s and Misiurewicz’s theorems we have that A;(J) is a
hyperbolic set for f € o/ with negative Schwarzian derivative (i.e., f is hyperbolic far
away from 1). From this it follows that there are positive constants C' = C(f,d) > 0 and
A= A(f,0) > 1 such that for all k € N and z € Af(9) one has

| Df*(x) |> CA.
Then, from the openness of the hyperbolicity we can find a C'-neighborhood Y =

Y (f,6) of fin o and constants C' = C(f,6), A = A(f,6), with C > 0 and A > A > 1 such
that if g € ¥ and z satisfy g*(x) € V/(6) for all 0 < i < k — 1, then

|Dg"(z)| > CAF. (2.9)
From (2.9) we can find K = K(f,0) € N and Ay = Ao(f,8), A > Ay > 1 such that if
k>K,ge ¥ and z satisfy ¢'(z) € V(6) for all 0 < i < k — 1, then
IDg ()] = 3. (2.10)
(Just take K = min{k : CA¥ > 1} and Ay such that 1 < Ay < min{AC'x, A}).

Let ¥; be the C'-neighborhood of f in . given by Lemma 2.2.3 for this K.
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Let us consider Ay = As(f,0), 1 < Ay < Ay such that

M <2, (2.11)

We show that Lemma work with %5 = #(f,0) = % N ¥ N ¥ and Ay as was chosen.

Fix g € %, k € N and x € dom(g*) satisfying ., g(x),...,¢* 1 (z) ¢ (1 — 6,1] and
g*(z) € [1 — 6, 1].

If £ > K then (2.10), the definitions of Ay and Cy imply that

|DgF(z)| = A5 > CuAk. (2.12)

If £ < K then (2.4) of Lemma 2.2.3 because g*~!(x) belong to [c1,d;], (2.11) and the
definitions of Ay and C5 imply that

|Dg"(x)| = |[Dg" ()] - |Dg(g" ! (x))]
C,-Cy
Cy-C

2

Cl 'Cl)\§
2

Co)k. (2.13)

Y

2

V

Finally, (2.12) and (2.13) imply (2.8) of Lemma 2.2.7. Therefore, the lemma follows. H

The following Lemma show that points close to the critical point retrieve derivative in

a very fast way. The arguments to prove it resembles the ones used in Lemma 1.1. p. 249
in [71].

Lemma 2.2.8.. For every f € o and 0 < C < 1 there are a C*-neighborhood V5 = ¥5(f, C)
of fin o, constants 63 = d3(f,C) > 0, A3 = A\3(f,C) > 1 and L = L(f,C) € N with
CAy > 1 such that for all g € 5, for all x € (1 — 83, 1) there is an integer l,(x) > L such
that, ¢/(x) & (1 —03,1] j=1,...,0,(x) — 1 and

|Dg'"@ ()] = Ay, (2.14)
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Proof. Fix f € & and 0 < C < 1. For every n > 0 we consider the C''-neighborhood for
f of size n in &7, that is
Vy={9 € o :der(f,9) <n}.

Then

Vz €[0,a]U[b 1], Vg € ¥, it have | Df(z) | —n <[ Dg(z) <] Df(2) | +.

Moreover, we take € small enough such that

|z |<e=|Df(0) | —n <| Df(z) |<| Df(0) | +n.

Then Vg € 7, and | z |< ¢ we have that
| DF(0) | =2n <[ Dy(2) [<| DF(0) | +2n.

Put
my =| Df(0) | —2n

M, =| DF(0) | +21.

Because D f(0) > 1 we can choose m, M with 1 < m < Df(0) < M such that

1—af

mM 5 > 1.

From this, shrinking n if necessary, because |, — af| < 7 there is A= Af) > 1
depending only on f such that for all g € 7;,

mM " > A > 1. (2.15)

Moreover if 7 is small enough we have that

m < m, < M, < M. (2.16)

As f(1) = 0 we can choose 0 < 6 = 0(f) < 1 such that 0 < f(z) < sforalla € (1-4,1).
Shrinking 7 again, we can assume that 0 < g(z) < ¢ for all z € (1—4,1) and for all g € ¥,.
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For g € %, and z € [1 — ,1) we define

[ =1,(z) =min{j >1:¢(g(x)) >} (2.17)

Note that for all z € [1 — 5,1), ly(z) > 1, (1 — 3) because of monotonicity of ¢ in the
intervals [0, a] and [b, 1].

~

To choose A3 we need to make some estimate. Let consider g € ¥, and z € (1 —9,1).
Denote z = g(z). By definition of I = I,(z) in (2.17) we have that z, g(z), ..., ¢ "*(z) € [0,¢)

and

g'(z) >e. (2.18)

As ¢'(0) = 0, then (2.16) and the Mean Value Theorem imply that there is £ € (0, z)
such that
d'(2) = Dg'(§)z < M'z.
Replacing this inequality in (2.18) we get
Mz > g,
that is,

z>eM™. (2.19)

By properties of f we have that there exists a positive constant K ¢ such that % <|
f
Hy(x) |< Ky. Using that |Hy(x) — Hy(x)| < 1 we obtain that |H,(z)| < Ky +n. Moreover,

as g(z) = Hy(x) | + — 1 |*= 2z we have that

2 < (Ky e — 1.

This implies that

ag—1

|z — 1[0 1> [ 2 . (2.20)
Ky+n
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From (2.19) and (2.20) imply

z “9
Kf+77

ag—1 1
= 2z %

‘x_l ’Ozgfl

Y

" a1
(Ky+m)

ag—1

ag 1—ag l
< (M T > . (2.21)
Ky+mn

AV

As Hy(1) # 0 and
Dg(z) = |z — 1|* ' (—ayH,(z) + |z — 1|DHy(x)), (2.22)
shrinking § and 7, we can choose a positive K ¢ such that
[Dg(2)] > Kyl — 1" (2.23)
Indeed, take n such that (%f—n)-(af—n)—Qn > Q%f because lim,_,;(x—1)-DH(xz) =0
we can chose  small enough such that |z —1|- |DH(z)| < n for all « such that |z —1| < 0.

From this and the fact that |H(x) — Hy(x)| <n, [(x —1)- DHy(z) — (x —1)- DHy(x)| <n
and oy — o] <1 we get

g (o)) =l =1 IDH @) > (= n) (g =) =2

Using this last inequality and (2.22) we get

_ 1
| Dg(@) |2 Jo = 1707+ (== =) - (ay =) = 20).
Ky
We can take n small enough so that
af ag—1
Dg(x) |> — |z — 1%, 2.24
Do) 2 5 b= (2.24)

Define K; = ;—I?f Then from (2.24), the proof of (2.23) follows.
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From the Chain Rule, (2.23) and (2.16) we have

|Dg'(x)| =| Dg'"*(g(x)) | Dg(x) |> Kyl — 1| m' ", (2.25)

Note that oy —n < oy < ay + 1 implies

1 1
< —<

afr—1—-n<a,—1<ar—1+nand )
! n g ! n s +1 a, ar—1

Therefore

ozf—l—n<0zg—1<ozf—1+77.
ap+mn Qg Qf =1

(2.26)

Moreover, (2.25) and (2.21) yields

Dg'(@)] = Kylz =1 !

ag—1

~ £ 9 l—ag !
> Kf = <M g > m!~!
Ky+n
K 9 1o\ !
Y <mM 5 ) . (2.27)
m \Ky+n

Using (2.15), (2.26) and (2.27) we get

af—1¥'q
IS T
D@ > “L——] X
mo\ Ky +n
= C(f)- N, (2.28)
where the constant . -
K € T
o) =2 (==) "7
m Kf +n
if e >1or
Ki/p e \Lt=
o(f) = L)
m Ky A+

: [
if "o < 1.
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We claim that for Lo € N fix, there is & = (L) such that for all p € [0,1] x [1 —4,1)
and for all R € ¥, we obtain [ = [(R,p) > Ly. Indeed, using (2.19) we obtain that for all
z€[1—0,1) and for all g € ¥,

,(z) > 19(1 - 3) 5 ) - :Zj(\%l =) _ 4. (2.29)

Note that L(0) — oo as d — 0. Take ¢ such that L(8) > Ly. Therefore, from (2.29) we
have that [ > Lo and the proof of claim follows.

Take Lo € N such that C(f)AL > 1. Take A3, 1 < A3 < mm{(C’(f))floj\, A}

From claim give above, (2.28)and definition of A3 we obtain

| Dg'(x) | > C(f)N
= C(HARNE
)\go/\é—Lo

A3l

v

Define L = L(f,C) such that CAL > 1. From the claim give above we obtain [ > L for

appropriate choose of 9.
The lemma works with 75 = ¥, for the chosen n and d;3 = 5. This ends the proof. W

The following proposition resemble the quasi-hyperbolicity for Misiurewicz maps and
its extension to a C'-neighborhood (see [42], Theorem 6.3, pag. 261 and Theorem 6.4,
pag. 262). We improve this result showing that in our case is possible to choose the C'-

neighborhood non depending on the neighborhood of critical point.

Proposition 2.2.9.. Let us consider f € o/ with negative Schwarzian derivative. Then
there are C'—neighborhood ¥4 = Vi(f) of f in & and constants Cy = Cy(f) > 0, 64 =
0(f) > 0, Ay = M(f) > 1 satisfying the following properties: If k € N, g € ¥, and
x € dom(g*) are such that g*(z) € (1 — &4, 1], then

|Dg"(x)| = C4M. (2.30)
Moreover, if x € (1 — d04,1) then

[Dg* ()] = Af. (2.31)
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Proof. Fix f € o/ with negative Schwarzian derivative. Let us consider Cy > 0 and 0

given in Lemma 2.2.7 applied for f.

Take C; = Cy. Applying Lemma 2.2.8 for f and C' = C; we obtain a C'-neighborhood
73, the real numbers d3 and A3 and an integer L. Choose d, such that 0 < d4 < min{ds, d3}.
By the conclusion of Lemma 2.2.7 applied to § = d,, there are Ay and a C'-neighborhood
¥5. Let us consider ¥, = %N %5 and choose A4 in a such way that 1 < Ay < min{CQ% Az, A2}
Note that CQ%)\g > 1 because Cy > C' = C4.

Now we prove that the proposition works with 74, Cy4, 6, and A4 as chosen above.
Fix g € %, k € N and z € dom(g*) and such that ¢*(z) € (1 — &4, 1].

We decompose the orbit {g(x)}r_, in several blocks as follows:

{z =21, 9(21), .. " (@)} {vn = 6" (1), 9(11), - 67 ()}

{za = g" (1), 9(x2), ... (@)} {2 = 9™ (22), 9(12), . 4" (2)} -,
{Zm = 9" (Ym-1), 9(@m), -, " () = ym = ¢" ()},

where k; is the first integer such that ¢" (z;) € (1—44,1), [; > L is given by the conclusion
of Lemma 2.2.8 applied to y;, ks is the first integer that ¢"*(z) € (1 — d4,1) and so on.

Notice that ky + 1l + -+ k1 + b1 + kn = k.

Using the Chain Rule Theorem, (2.8) of Lemma 2.2.7, (2.14) of Lemma 2.2.8, and the

definitions of C; and \; we obtain

|Dg"(x)| = |Dg* (zm)|...|Dg" (y2)|| Dg™ (x2)|| Dg" (y2)|| Dg™ (21)]
(CoXNEm) N2 (CoNE )N (Co B

CoNS o (CyNE). L (CoNy )

CoNortthm N\l

Cy\k

CuAF,

(AVZR A VAR | Y/

v

this proves (2.30) of Proposition 2.2.9.
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For finish the proof note that if x € (1 — d4,1) then in the decomposition of the orbit
{g'(x)}F_y, k1 no there exists. Therefore following the proof as in the case above we obtain
(2.31) of Proposition 2.2.9. Therefore, the proof follows. |

Corollary 2.2.10.. Let us consider f € o/ with negative Schwarzian derivative. Then
there exists a Ct-neighborhood Vs = V5(f) of f in o/ such that each g € ¥ is hyperbolic

far away from the critical point 1.

Proof. Let us consider f € & with negative Schwarzian derivative. Let ¢, and C*-
neighborhood 7, given by Proposition 2.2.9. As we just observed before we have that
f is hyperbolic for away 1 because f € & with negative Schwarzian derivative implies
f is hyperbolic far away from the critical point 1, then f is hyperbolic in the maximal
f-invariant set in the complement of (1 — d4, 1]. From the openness of the hyperbolicity we
can find a Cl-neighborhood Y, = ”/;4(f) of f in & such that all g € ¥, is hyperbolic in the
maximal g-invariant set in the complement of (1 — d4, 1]. Define #5 = ¥, N 774. Now take
g € ¥ and § < d4. Then, for all z in the maximal g-invariant contained in [0,1 — ] we
have that either Vk > 1, ¢g(x) ¢ (1 — d4,1] or for some k; > 1, g% (x) € (1 — 64, 1]. In the
first case, taking k big enough we have that |Dg*(z)| > 1. In the other case, by (2.30) of
Proposition 2.2.9, | Dg* () |> CyAi.

Now applying the same argument to g*(z), we have two alternatives: there is k big
enough such that | Dg"**(z) |> 1 or there is ky such that g (¢* (x)) € (1 — d4,1) in a
such case by (2.31) of Proposition 2.2.9 we have that

’ ng2+k1 (x) ‘2 04)\51)\{22'

Inductively, we obtain that for some k big enough | Dg*(z) |> 1.

From this and Proposition 2.2.5 we obtain that ¢ is hyperbolic in the maximal g-invariant
set in the complement of (1 — ¢, 1]. As § is arbitrary then g is hyperbolic far away from the
critical point 1. The proof follows. |

The following theorem it is related with non-existence of wandering intervals. This old
problem goes back to Poincaré’s work dealing with homeomorphisms of the circle (see [58]).

Since then efforts of a number of authors have been directed towards proving the non-
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existence of wandering intervals because their appearance complicates our understanding

of the dynamics.

Theorem 2.2.11.. Let f € &/ with negative Schwarzian derivative. Then there exists a
Cl-neighborhood ¥ = ¥V (f) of f in &/ such that for all g € V', the maximal g-invariant
set contained in I =[0,1], A, = () g~ *({), has no interval.

=0

Proof. Fix f € o/ with negative Schwarzian derivative. Let us consider 7}, d, y A4 given
by Proposition 2.2.9. Take a C'-neighborhood ¥ = ¥ C ¥, of f in & given by Corollary
2.2.10.

Now fix g € 7.

First we observe that g has no sinks. Indeed, by Corollary 2.2.10, g is hyperbolic far

away from critical point 1.

Suppose that A, = ﬁ g~ (I) contains an interval J. If there are integers m # n such
that ¢ (J) N g"(J) hasZ:I(;on empty interior, then g has sinks (see [G 79], Lemma A, pag.
142) and so we get a contradiction. Therefore, the sequence of intervals {¢g™(J)}>2,, are
pairwise disjoint and can not accumulate a sink, i.e. J is a wandering interval. From this

it follows that ¢"(J) accumulate to 1 and

| g"(J) |— 0 as n — +oo. (2.32)

Let us consider 0 < 7 < d4 and an integer ng in a such way that Vn > ng [¢"(J)| < d4—n.
So, if for n > ny g"(J) N (1 —n,1) # (0 then ¢"(J) C (1 — d4, 1).

As the iterates of J accumulates 1, there is a sequence ny, such that g™ (J) C (1 —d4, 1).

From Chain Rule Theorem we have

g™ ()| = g™ (g™ ()|
= [ Dg"™ () [ g™ () |,

for some £ € g"0(J) C (1 —d4,1).
Because g™+~ (&) € g™ (J) C [1 — d4, 1] we can apply (2.31) to obtain

g™ ()| = A" [ g™ (J) |-
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As nj;, — oo we have that
| 9" (J) |[— o0

and so we get a contradiction with (2.32). The proof follows. |
Proof of the Main Theorem.

Fix f € o/ with negative Schwarzian derivative. Let us consider % = ¥ where ¥ is the
C'-neighborhood of f in ./ given by Theorem 2.2.11.

From now on, we follow the classical arguments to prove that two maps on the interval

having Markov partitions are conjugates (see by example [34], Lemma 2, pag. 344).

For all h € & we denote Jj, = (z1p, xap), where x1, and xp, are given in definition of

the dynamic domain. Define the sets

Ay =[r(D),
=0
and

Uy = G h ().

i=0
Note that A, =1\ Up,.

We denote Il = [0, 21,) and I} = [z9p, 1]. We define also J = {z € I} : h(z) € J,} and
Jl={x € I} : h(z) € Jp}. Inductively we can define one of the 2'—components of h=%(.J},)
by

Jh

J1je---Ji

- {.T € Ijl’ h(x) € Jj2~~ji}

where j, € {0,1} for k =1,2,...,1i.

Note that h(J" = J! . and hi(J!

]1j2~~~ji) J2---Ji J1j2---Ji

) = Jj,. Moreover h=4(J,) = Jh

1seensdi ©J1724-0i"

Also note that the map A’ : J!

ivjsgi — Jn 1s a homeomorphism that will denote by

h

J1J2--Ji

Fix g € % . 1t follows from Theorem 2.2.11 that the set A, has no interval, equivalently,

the set Uy is dense in 1.
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Let us denote the set ¥y of the sequences of 0's and 1’s. Endow Y, with the topology
given by the distance

- | v — i |

d = —_—

(z,9) ZO ST
where z,y € Yo with x = (29, x1, T2, T3, ...) and y = (Yo, Y1, Y2, Y3, --)-
The shift map o : 3y — 35 is defined by o(z) = y where y; = z;41.

To each point z € Ay we can associate a sequence of 0’s and 1's in ¥, in the following
way: define
() = 0 if g’(x) el
1 if g'(x) e If
and let H, : A, — X5 be the map given by H,(x) = I9(x) where (/9(x)); = I](x). For this

map we have the following lemma.

Lemma 2.2.12.. The map H, : Ay, — 33 as above is a homeomorphism such that H, o

g‘Ag :O-OHg

Applying the Lemma 2.2.12 to f and g we can define the homeomorphism Hy g4 : Ay — A,
given by Hy o(x) = H,'(H¢(x)) which conjugates the dynamics of f in Ay with the dynamic
of g in A,.

On the other hand, let hy : J; — J, be any orientation preserving homeomorphism.
Take J/ — JY

i —i .7t
4 in..;; one of the 2°—components of f~*(J;) then the map h : Jj e i

J1j2---Ji
defined by h(z) = (gj ;) " © ho o fi(x) is a orientation preserving homeomorphism.

Because f1(8.J) . ) =8J; and g(dJ? ;) = d.J, we note that for z € 8./

Jij2---Ji J1j2.--Ji j152...i we haVe

h(z) = Hy4(z) . From this we can define the required homeomorphism h : I — TI:

];(a:) _ nyg(x) ifx e Af
W) iteeUn

Therefore, by definition 2.1.3, f is C'! structurally stable (in ); the Main Theorem is
proved. |



Chapter 3

Singular cycles and Ck-robust
transitive sets on manifolds with

boundary

Let M be a 3-manifold with boundary OM. Let X be a C*°, vector field on M, tangent
to OM, exhibiting a singular cycle associated to a hyperbolic equilibria ¢ € OM with real
eigenvalues A,y < Ay < 0 < A, satisfying A\, — A — 2A, > 0. We prove under generic
conditions and k large enough the existence of a C* robust transitive set of X, that is,
any C* vector field C* close to X exhibits a transitive set containing ¢. In particular,
C™ vector fields exhibiting C* robust transitive sets, for k large enough, which are not

singular-hyperbolic do exist on any compact 3-manifold with boundary.

3.1. Statement of the Main Theorem

Let M be a compact connected 3-manifold with a possibly nonempty boundary oM.
We denote by 2°*(M,0M), k > 1, the space of C* vector fields in M tangent to M (if
nonempty) equipped with the standard C* topology. We fix X € 2%(M,9M) and denote
by X;, t € R, the flow generated by X in M. An invariant set A of X is non-trivial if it is

52
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not a single orbit; transitive if it is the omega-limit set of one of its points; and isolated if

there is a compact neighborhood U of it (often called isolating block) such that

A= X(0).

teR

An isolated set is C*-robust transitive if it exhibits an isolating block U such that for
allY € 27%(M,0M) C*k-close to X, the continuation of A

Ay = [ Yu(U)

teR

is a non-trivial transitive set of Y.

A compact invariant set H of X is hyperbolic if its tangent bundle decomposes into an
invariant direct sum E% & Ex @& EY% where E is the subbundle generated by X on H
and E%; (resp. EY) is contracted (resp. expanded) by the derivative of X; as t — oo. The
Invariant Manifold Theory [31] then asserts that through any point x € H passes a strong
stable (resp. unstable) manifold W**(z) (resp. W"*(x)) tangent at = to the subspace E?
(resp. E¥). By saturating these manifolds we obtain the stable and unstable manifolds
W#(x) and W¥(z) of = respectively. A closed orbit is hyperbolic if only if it does as a

compact invariant set.

By a singular cycle of X we mean a set I" consisting of a singularity ¢ and a periodic orbit
O (both hyperbolic) and two regular orbits v C W*(o)NW?*(O) and v, C W*(O)NW?*(o).
In such a case we say that the singular cycle I' is associated to o. We shall be mostly
interested in singular cycles associated to singularities o with real eigenvalues A, Ay, Ags

satisfying the eigenvalue relation

Ass < As <0< Ay and Ag — Ags — 2A, > 0. (3.1)

In that case o is equipped with several invariant manifolds. A two-dimensional stable
manifold W#(o) and a one-dimensional unstable manifold W*(o). There is also a centre-
unstable manifold W< (o) tangent at o to the eigenspace associated to {\g, A, }. Centre-
unstable manifold is not unique but all of them contain W*(o) and the tangent sub-bundle

TWe (o) is well defined along W*"(¢). Hence we may consider the tangent space T, W (o)
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at every point ¢ € W¥(o). We then say that the singular cycle is simple if W*(O) is
transversal to W< (o) along 79 and W*(O) is transverse to W?*(o) along ~,. This is a

generic property. Our main result is the following.

Theorem 3.1.1.. If X € 2Z°°(M,0M) ezhibits a generic singular cycle associated to
a singularity o € OM with real eigenvalues satisfying (3.1), then for k large enough, X

exhibits a C*-robust transitive set containing o.

An application of this result is the following. There is a partial characterization of robust
transitive sets on 3-manifolds based on the following definitions. A compact invariant set
A of X is partially hyperbolic if its tangent bundle decomposes into an invariant direct sum
FR @ F{ where F} is contracting and dominates F{. We say that the central subbundle
Fy is volume expanding whenever the flows derivative expands exponentially the volume
along F§ as t — oo. A singular-hyperbolic set is a partially hyperbolic set with hyperbolic
equilibria and volume expanding central subbundle. The most representative example of
singular-hyperbolic set is the geometric Lorenz attractor [1], [24]. It was proved in [53],
[50] that if OM = () then any C' robust transitive set containing singularities of X is a
proper attractor up to flow reversing (i.e. either for X or —X). It is false in the context
of boundary-preserving vector fields on 3-manifold with boundary as shows the Singular
Horseshoe [34]. Furthermore, in [53], [51] is proved that C'-robust transitive sets containing
singularities are singular hyperbolic sets. An interesting open question is to know if this
hold in manifold with boundary. Indeed, the Singular Horseshoe is a singular hyperbolic

set. This is not the case in the C* context. More precisely we have the following corollary:

Corollary 3.1.2.. For every compact 3-manifold with boundary M there is X € 2 (M,0M)
exhibiting a C*-robust transitive set (for k large enough) which is not singular-hyperbolic,

neither up to flow reversing.

Proof. Take X € 2°°°(M,0M) exhibiting a generic singular cycle associated to o € M
so that the eigenvalues Mg, Ay, Ay with Ags < Ay < 0 < Ay of 0 and Ay — A\gs — 22, > 0
satisfy the additional contracting condition given by the eigenvalues relation A, < —A\,. It
follows from Theorem 3.1.1 that X exhibits, for k£ large enough, a C*-robust transitive set
containing o. Such a set is not singular-hyperbolic due to the additional eigenvalue relation,

which implies that central sub-bundle is not volume expanding at the singularity. In other
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way, for the reversing flow, also central sub-bundle is not volume expanding because it

contains the contracting direction at the orbit O (for —X ). The proof follows. |

Theorem 3.1.3.. For every compact connected 3-manifold with boundary M there is a
vector field X € 2°°(M,0M) ezhibiting for k large enough an attractor C*-robust set
which is not singular-hyperbolic. Moreover such set has singularities which are not Lorenz-
like.

Proof. Take X € 2°°°(M,0M) with a cycle as in figure 3.1. Let assume uniformly C?-
linearizing coordinates for critical elements in the cycle. Suppose that the eigenvalues
N AN of o € OM for @ = 1,2,3 satisfy X, < AL < 0 < A, and satisfy the addi-

887 7w

tional eigenvalues relations \? < —\% and <— :\\—j) : (— —8> < 1, for j = 1,2. Using the
argument of Guckenheimer[23] and Guckenheimer-Williams [24] we can prove that this
attractor is C*-robust, for a such k that permit uniformly C?-linearizability. The proof

follows. [ |

Figura 3.1: Attractor C*-robust

3.2. One-dimensional analysis

In this section we will consider one dimensional maps that will be associated to the

dynamic around the cycle.
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3.2.1. Schwarzian derivative

Definition 3.2.1.. Let f : Dom(f) CR — R be a C® map. If Df(z) # 0, the Schwarzian

derivative of  at x is defined as

DY)
Df(a)

(e

Se) D)

We say that f has negative Schwarzian derivative si S f(x) < 0 for all x € Dom(f) such
that D f(x) # 0.

From the definition 3.2.1, the following formula for the Schwarzian derivative of the

composition of two C?® maps follows immediately by the chain rule,

S(go f)(z) = Sg(f(x))- | Df(z) | +5f (). (3.2)

Hence, the Schwarzian derivative of the iterates of f is given by

n—1

Sfr(x) =Y Sf(fi (@) | Dfi(x) *.

=0

Therefore, if a map has negative Schwarzian derivative, so do all its iterates.

Next we shall state an analytical property of maps with negative Schwarzian derivative

that we will be use in this section.

Lemma 3.2.2. (Minimum Principle, see [42], pg. 154). Let T be a closed interval

with end points v and s and f : T — R be a map with negative Schwarzian derivative. If
Df(z) #0 for allx € T, then

| Df(z) [> min{| Df(r) .| Df(s) [} Vo e(r,s).
Hereafter we fix the unit interval I = [0, 1] and two real numbers a, b such that 0 < a <

b<1.

Definition 3.2.3. Define @7 as the set of C maps f : [0,a] U [b,1] C I — R satisfying
the following properties:
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(i) There exists py > 1 such that f(z) = pg-x for all x € [0,a]. Moreover, f is decreasing
on [b,1], f(1) =0 and Df(xz) = 0 if and only if x = 1. Additionally f(a) > 1 and
f(b) > 1.

(ii) There is a constant oy > 1 such that
f@) =]z =1 Hy(x), Vo € [b,1]
where Hy @ [b,1] — R is a positive map with lim, ., Hp(x) # 0 and lim,_,(z — 1) -

DHy(z) = 0.

We put the following metric in .7:

dor(f.9) = misx{sup S (z) - g(a)|,sup | Df(x) = Dy(a)|
sup | Hy(z) ~ Hy(w)],sup (s ~ 1) (DH,(x) - DH, ()|

lay —agy| :x € [0,a] U b, 1]}.

For all f € 47 there are x1; and zof with 0 < 23y < @ < b < 3y < 1 such that
f(x1f) = f(x2r) = 1. Then, we can define the dynamic domain

domq(f) = [0, 217 U [ay,1].

Figure 3.2 displays the essential features of the map f € 47, restricted to domg(f).
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Figura 3.2: f € o7, restricted to domy(f)

Our main result of this section is the following:

Theorem 3.2.4.. Let consider a C* map f € <7, such that for all x € [b,1),Sf(x) < 0.
Then, there exists a C*-neighborhood % = % (f) of f in @/, such that for all g € U, the

mazimal invariant set -
g (D) (3.3)
i=0

has no intervals.

We obtain the following result as a direct consequence of Theorem 3.2.4.

Corollary 3.2.5.. Let us consider % the C'-neighborhood given by Theorem 3.2.4. Then
for all g € ¥ and for all interval J with J N () g~'(I)) # O there exists n = n(g,J) > 0
i=0

such that g"(J) D [0, 1].

Proof. Fix g € ¥ and fix an open interval J such that J N ([ ¢ *(I)) # 0. For Theorem

=0

3.2.4, the maximal invariant set given by (3.3) don’t contain the interval J. Therefore there

is a subinterval J C J with J = [p, q] for some p,q € I with p € JN () ¢~*(1)) # § and

=0
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there is an integer ng = no(J) such that g™ (q) € {1y, Tay}. But g({wig, w25}) = {1},

g(1) = 0 and ¢(0) = 0 so there is n > ng such that ¢"(J) 2 [0,1]. From this the proof
follows. =

3.2.2. Preliminar lemmas

The Minimum Principle will be used to find a lower bound, non depending on i, for the
derivative | D f*(x)| for all x such that f(x) is far from 1. A similar constant was obtained

in [55] for the considered maps (see Lemma 3, equation (8), pag. 880).

Lemma 3.2.6..Let consider a C® map f € @/, with negative Schwarzian derivative at
[b,1) and two real numbers ¢ and d, 0 < ¢ < d < 1. Then there exists a constant Cy =
Co(f,c,d) > 0 such that Vi € N and x € dom(f*) with f(z) € [c,d] we have that

Dfi(x)| > Co. (3.4)

Proof. Fix a C® map f € <, with negative Schwarzian derivative at [b, 1) and two numbers

cand d such that 0 < e < d < 1.

Define

Co = min{e, 1 —d}.

Let consider a interval J C R. We denote by |.J| the length of J.
Now, fix ¢ € N and z such that fi(z) € [c, d].

Let us consider I, = [£y,&] the maximal interval containing x where f* is defined. For
maximality of I, we have that either [0,c] C f'([éo,z]) and [d,1] C fi([z,&]) (if f° is
increasing) or [d, 1] C f*([£,]) and [0,¢] C fi([x,&]) (if f7 is decreasing).

In both cases, by Mean Valued Theorem there are 50,51 with & < 50 <z < §~1 <&
such that

IDFE) | = WZW[@,x]nzco (3.5)
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and

| DFE) | = WZW([%&])IEC@ (3.6)

As f restricted to [0,a] is a linear map and S(f)(x) < 0 for all x € [b,1), we can use
the Minimum Principle (Lemma 3.2.2), inequalities (3.5) and (3.6) and equality (3.2) to

obtain either
[Df(@)| > min {|DF &), IDF(E)} = Co
or

|Df'(x)| = pjc > 1> Cy.

Figure 3.3 it illustrates the situation for f? with i = 2.

i
t

0 & ta b

Figura 3.3: Case f! for i = 2.

Therefore the lemma follows. |

Now we will use Lemma 3.2.6 to obtain a similar conclusion for maps in a neighborhood

of f in <. Indeed, we will prove the following lemma.
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Lemma 3.2.7.. Let us consider a C® map f € o/ with negative Schwarzian derivative
at [b,1) and two real numbers ¢y and dy with 0 < ¢; < dy < 1. Then there is C; =
Ci(f,c1,dy) > 0 such that for all N € N there is a C'-neighborhood ¥ = ¥1(f, N,c1,dy) of
[ in ), such that for all integers | < N, g € ¥; and x € dom(g') such that g'(z) € [c1,d,]

we have that

|Dg'(x)] > C. (3.7)

Proof. Fix a C® map f € o/ with negative Schwarzian derivative at [b, 1) and ¢; and d;

as in the statement of Lemma.

Take the real numbers ¢ and d with 0 < ¢ < ¢; and dy < d < 1. It follows from the
definition of the C''-topology in .27, that for all j > 1 there is a neighborhood 7 () of f in
@y, such that if g € ¥(j), w € dom(¢?) and ¢/ (w) € [c1,d,] then w € dom(f’) and

fi(w) € [c,d). (3.8)

To see this, we extend the functions g € &, to a endomorphisms at some interval as it

is shown in the Figure 3.4.

Figura 3.4: Extension of g € @77, to a endomorphisms at the interval.
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Take Cy given by Lemma 3.2.6 applied to f, ¢ and d as above. It follows again from the
definition of the C"'-topology in .27, that for all i > 1 there is a neighborhood ¥ (i) of f in
ofy, such that if g € ¥(i), z € [0,1] then

DF(2)~ D) < . (39)

Now fix an integer N > 1. Define

U =U(fN)= 7 (j)
1<j<N
and
U =% (f,N) = 40
1<i<N
Define
=Y NU

Taking C = %, let us prove that the neighborhood %#; works. For this we fix an integer
1 <1< N,ge¢€ ¥ and & € dom(g') such that ¢'(x) € [c1,dy]. In particular ¢ € % then
(3.8) implies that f!(x) € [¢,d] (taking j = [). Moreover, as in particular g € % then (3.9)
implies |Df!(z) — Dg'(z)] < & (taking i = ). As f'(z) € [c,d], (3.4) in Lemma 3.2.6
(taking ¢ = [) implies

\Df'(z)] > Co. (3.10)
Therefore, (3.10) implies
|Dg'()] = |Dg'(x) = Df'(x) + Df'(w)]
> [Df'(2)| —|Dg'(z) — Df'(w)]
C
> Co— 70
Co
- ? Cla
this completes the proof. n

Definition 3.2.8.. Let us consider f € ofy,. A f-invariant subset K C dom(f) is said to
be a hyperbolic set for f if there are constants C' > 0 and X\ > 1 such that for every x € K

and every n € N,
|Df*(x)] > C - A"
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We say that f is hyperbolic in K if K is a hyperbolic set for f.

In an easy way we obtain a following characterization for compact invariant hyperbolic
set (see [42]).

Proposition 3.2.9.. Let us consider f € < and K an f-invariant compact set. Then,
K is hyperbolic for f if only if for each x € K there exists a integer n = n(x) such that
|Df™(z)| > 1.

We say that c is a critical point of f € o7, if Df(c) = 0.

Definition 3.2.10.. Let us consider f € @7, and ¢ a critical point of f. We said that f is
hyperbolic far away from c if for any 6 > 0, f is hyperbolic in the mazximal f-invariant set

contained in the complement of a neighborhood of size § around c.

First of all we note that if a C® map f € <7, has negative Schwarzian derivative at [b, 1)
then f € @7 is hyperbolic far away from 1. In fact, fix a C® map f € & with negative
Schwarzian derivative at [b,1). For any 6 > 0 let (1 — 4,1] be a neighborhood of size §
around 1. We define

V(§) = [0,a]Ub1— 4]
Wi©o) = {zeV()|fi(x) eV(0),i=0,. . k—1}, Vk>1
As(8) = (W},

k>1

By definition, A;(d) is an forward-invariant compact set that do not contain the critical
point 1. Then, by Singer’s Theorem (see [42], pag. 155, see also [74]) and Misiurewicz’s
Theorem (see [42], pag. 231) we have that A;(d) is a hyperbolic set.

Lemma 3.2.11.. For every C® map f € o, with negative Schwarzian derivative at [b,1)
there are 0o = 65(f) > 0 and a constant Cy = Co(f) > 0 satisfying the following property:
for all 0 < & < &y there are Ay = \o(f,0) > 1 and a C'-neighborhood Vs = ¥5(f,8) of f in
a7y, such that if g € ¥, k € N and x € dom(g*) satisfying that x, g(x), ..., g" 1 (z) & (1-6,1]
and g*(z) € [1 — 82,1] then

|Dg* ()| = Ca - As. (3.11)



Chapter 3. Singular cycles and C*-robust transitive sets... 64

Proof. Let consider a C® map f € <7, with negative Schwarzian derivative at [b, 1). Choose
d5 > 0 and two real numbers ¢; and d; with 0 < ¢; < d; < 1 and a C'-neighborhood Y of
fin 7, in such way that if g € % and x € dom(g) satisfy g(x) > 1 — J, then z € [c1, dy].

Let Cy be as in Lemma 3.2.7 applied to f, ¢; and d; chosen as above. Let consider
Cy < min{|Df(z)| : z € [¢1,dy]}. Shrinking %3, we can suppose that for all g € ¥ and for
all 2 € [¢1,dy] holds |Dg(x)| > C,. Define

Cl'él

Cy = min{1,

1.

Now fix §,0 < & < d9. For such a § we shall find ¥5 and Ay as follows:

For all h € o7, we define the auxiliary sets

V() = [0,a]U[b,1— ]
§) = {zeV()h'(z)eV(),i=0,....k—1}, Vk>1
M) = (YW (9).

k>1

As we just observed (see note below Denifition 3.2.10), for C® map f € &7, with negative
Schwarzian derivative at [b, 1), Singer’s and Misiurewicz’s theorems give us that Az(d) is
a hyperbolic set (i.e., f is hyperbolic far away from 1). From this it follows that there
are positive constants C' = C(f,8) > 0 and A = A(f,d) > 1 such that for all k € N and
x € As(9) one has

| Df*(x) |> C - Ak

Then, from the openness of the hyperbolicity we can find a C'-neighborhood ¥ =
Y (f,6) of f in 7, and constants C = C(f,8), A = A(f,8), with C > 0 and A > X > 1
such that if ¢ € ¥ and x satisfy g*(x) € V(8) for all 0 <i < k — 1, then

|Dgk(z)| > C - Ak (3.12)
From (3.12) we can find K = K(f,8) € N and Ay = Ay(f,8), A > Ay > 1 such that if
k>K,ge ¥ and z satisfy ¢'(z) € V(6) for all 0 < i < k — 1, then

|Dg*(x)| > Ak (3.13)
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(Just take K = min{k : C - \* > 1} and A, such that 1 < Ay < min{\-C%,A}).
Let 7] be the C'-neighborhood of f in .27, given by Lemma 3.2.7 for this K.
Let us consider Ay = Ao(f,0), 1 < Ay < \y such that

M <2, (3.14)

We show that Lemma works with ¥ = %(f,8) = %N ¥ N ¥ and this choosing of A,.

Fix g € %, k € N and # € dom(g*) satisfying x, g(x),...,¢* 1(z) ¢ (1 — 6,1] and
g*(z) € [1 — 6o, 1].

If £ > K then (3.13), the choosing of Ay and Cy imply that

|Dg* ()] > A§ > Cy - AS. (3.15)

If k < K then (3.7) of Lemma 3.2.7 (because g*~!(x) belong to [c,d;]), (3.14) and the
choosing of Ay and Cy imply that

|Dg*(x)] = |Dg" ()| - |Dg(g" ()]
> -4
c, -G
2

Cl'Ol‘Ag
2

Cy- A5 (3.16)

V

\Y)

Finally, (3.15) and (3.16) imply (3.11) of Lemma 3.2.11. Therefore, the lemma follows.
|

The following Lemma show that points close to the critical point retrieve derivative in
a very fast way. The arguments to prove it resembles the ones used in Lemma 1.1. p. 249
in [71].

Lemma 3.2.12.. For every f € @/, and 0 < C < 1 there are a C'-neighborhood Vs =
V3(f,C) of fin o1, constants §3 = 03(f,C) > 0, A3 = A\3(f,C) >1 and L =L(f,C) € N
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with C - A} > 1 such that for all g € ¥4, for all x € (1 — 3, 1) there is an integer l,(z) > L
such that, ¢/(x) ¢ (1 —03,1] j =1, ...,04(x) — 1 and
|Dglo@ ()] > N, (3.17)
Proof. Fix f € ./, and 0 < C < 1. For every 1 > 0 we consider the C'-neighborhood for
f of size n in @7, that is
Yy =19 € o :der(f,9) <n}.
Then Vz € [0,a] U [b, 1], Vg € ¥, it have

| Df(2) [ =n <[ Dg(2) [<] Df(2) | +n.

In particular, Vg € ¥, and z € [0, a] we have that
Pr—1N<=pg < prt,
where Df(z) = p;y and Dg(z) = p,.
Because pf > 1 we can choose m, M with 1 <m < py < M such that

11—«

m-M 5 > 1.
From this, shrinking 7 if necessary, because ay, is close to oy there is A = A(f) > 1,

depending only on f, such that for all g € 7

l—ag ~
m-M e >\>1. (3.18)

Moreover 7 is chosen such that
m<pr—n<pr+n<M. (3.19)

As f(1) = 0 we can choose 0 < § = §(f) < 1such that 0 < f(z) < g forall z € [1-6,1).
Shrinking 7 again, we can assume that 0 < g(z) < a for all g € ¥, and z € [1 — 5,1).

For g € 7, and = € [1—4,1) we define

I =1,(x) =min{j >1: ¢ (g9(x)) > a}. (3.20)
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Note that for all z € [1 —4,1),
I, (z) > zg<1 - 5) (3.21)
because of monotonicity of ¢ in the intervals [0, a] and [b, 1].

To choose A3 we need to make some estimative. Let consider g € ¥, and z € [1 — ) ,1).
Denote z = g(z). By definition of [ = [,(x) in (3.20) we have that 2, g(2), ..., ¢ 1(2) € [0,q)

and
Mz > g'(2) = (py)' - 2 > a. (3.22)
SO
z2>a- M7 (3.23)
Moreover, by properties of f we have that there exists a positive constant K # such that

%f <| Hy(z) |< Kf. Using that |Hy(x) — Hy(z)| < n we obtain that %f —n < [Hy(x)| <
f(f-l-T].

Furthermore, as g(z) = Hy(x) | © — 1 |*= z we have that

z < (Kf + )|z — 1]%.

This implies that

ag—1

|z —1] 1> [ 2 o (3.24)
Ky+n

From (3.23) and (3.24) we obtain

ag—1
ag 1—ag l
lz—1]t > (2 -(M T ) . (3.25)
Ky+n

From Chain Rule Theorem we obtain

[Dg(x)| = & = 1|% - (ag - [Hy(x)| = & = 1] - |DHy(x)]) (3.26)
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Moreover, because lim, .1(z — 1) - DHy(x) = 0 we can chose 6 small enough such
that |z — 1| - |[DHy(x)| < n for all z such that |z — 1| < 6. From this and the fact that
|Hy(w) — Hy(@)| <, [(z — 1) - DHy(z) — (z — 1) - DHy(x)] <1 and Jas — g < 5 we get

0y |Hy(a)| = |2 = 1| |DH, (@) > (= = n) - lag =)~ 2-n).

f

Using this last inequality and (3.26) we get

o 1
| Dg(@) 1= Jo = 1207+ (== =) - (ay =m) — 2n).
Ky
We can take n small enough so that
« _
| Dg(z) |[> —L— |z — 1|2 (3.27)
2. K,

Note that oy —n < ay < ay + 7 imply

af—l—n<ag—1<af—1+n

(3.28)
ap+1 Qg ay =1
From Chain Rule Theorem, (3.19), (3.27), (3.25), (3.18) and (3.28) yields
|Dg'(x)| = | Dg"Ng(x)) |- | Dy() |
> -1 . O[f . ’x _ 1|04971
f
= C(f)- N, (3.29)
affifn af7i+n
where the constant C(f) = 2K}iﬂ<ﬁ> ! ifﬁ >1lorC(f) = QK;m(ﬁ) ’
if —4— < 1.
Ky+n

Claim. For all L € N, § can be chosen in a such way that for all € [1-— 5, 1) and for all
g € ¥, it have [ = l(g,z) > L. Indeed, using (3.21) and (3.23) we obtain that,

ly(z) > lg(l - 8) ) _hi?](\%l =) _ 1) (3.30)

for all z € [1 —4,1) and for all g € V.
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Note that L(8) — oo as § — 0. Take & such that L(8) > L. Therefore, from (3.30) we
have that [ > L and the proof of claim follows.

1

Take Ly € N such that C(f) - Ao > 1. Take A3 with 1 < A3 < min{(C(f))% -
From claim give above applied to L = Lg, the inequality (3.29) give us

>
>
\T’_/

| Dg'(x)| > C(f)- X
= O(f)- Ao Nt
> )\go,)\éfLo

= A

For C' as in hypothesis of Lemma 3.2.12, take L = L(f, C') such that C' - A} > 1. Again
from the claim give above applied to this choosing L we obtain [ > L for appropriate

choose of 4.
The lemma works with 75 = ¥, for the chosen n and d;3 = 6. This ends the proof. M

The following proposition resemble the quasi-hyperbolicity for Misiurewicz maps and
its extension to a C'-neighborhood (see [42], Theorem 6.3, pag. 261 and Theorem 6.4,
pag. 262). We improve this result showing that in our case is possible to choose the

C'—neighborhood non depending on the neighborhood of critical point.

Proposition 3.2.13.. Let us consider a C* map f € </}, with negative Schwarzian deriv-
ative at [b,1). Then there are C'-neighborhood ¥y = V4(f) of f in < and constants
Cy = Cu(f) >0, 04 = 04(f) > 0, \s = \(f) > 1 satisfying the following properties: If
k€N, g € ¥ and x € dom(g*) are such that g*(x) € (1 — 04, 1], then

|Dg*(z)| > Oy - A% (3.31)

Moreover, if x € (1 — 04,1) then
[Dg* ()] > Af. (3.32)
Proof. Fix a C® map f € 7/, with negative Schwarzian derivative at [b, 1). Let us consider

C5 > 0 and 6 given in Lemma 3.2.11 applied for f.

Take Cy = min{1,C,}. Applying Lemma 3.2.12 for f and C' = C; we obtain a C'-
neighborhood 73, the real numbers 3 and A3 and an integer L. Choose §4 such that
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0 < &4 < min{dy, d3}. By the conclusion of Lemma 3.2.11 applied to § = d4, there are Ay

and a C'-neighborhood ¥5. Let us consider ¥, = % N ¥; and choose )\, in a such way that
1 1

1 < Ay <min{C§ - A3, \a}. Note that Cf - A3 > 1 because Cy > C = Cj.

Now we prove that the proposition works with %4, Cy, 04 and A4 as chosen above.
Fix g € %, k € N and = € dom(g*) and such that ¢*(z) € (1 — &4, 1].

We decompose the orbit {g’(x)}¥_, in several blocks as follows:
{z==1,9(0), . 0" (@)} {yn = ¢" (21), 9(0), . 6" (w1)},

{2 = g" (1), 9(w2), -, 6 (w2) }, {2 = 9" (22), 9(v2), -, 67 ()}, o,

lm—l(

{xm =g ym71>7g(xm)7 "'agkm(xm) =Ym = gk<$)}7

where k, is the first integer such that ¢* (z1) € (1—44,1), [; > L is given by the conclusion
of Lemma 3.2.12 applied to y;, ko is the first integer that g*2(x5) € (1 — d4,1) and so on.

Notice that k1 + 11 + - + ko1 + L1 + ki = k.

Using the Chain Rule Theorem, (3.11) of Lemma 3.2.11, (3.17) of Lemma 3.2.12, and
the definitions of Cy and A\, we obtain
IDg" (@)l = [Dg" ()| - [Dg" = (ym-1)| ... |Dg" (w2)|
| Dg" (y1)| - [Dg™ (1)]

> (Co M) - Ay (Cae M) - NS - (Ca - M)
= ARGy M) L (Cy AT - Cy

> Abetha b Ao,

> Oy- A\

> 04')\12,

this proves (3.31) of Proposition 3.2.13.

For finish the proof note that if x € (1 — d4,1) then in the decomposition of the orbit
{g'(z)}%_,, k1 no there exists. Therefore following the proof above we can see that the last

C3 do not appears so we obtain (3.32) of Proposition 3.2.13. The proof follows. [ |
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Corollary 3.2.14.. Let us consider a C* map f € /7, with negative Schwarzian derivative
at [b,1). Then there exists a C'-neighborhood Vs = V5(f) of f in &1, such that each g € ¥4

18 hyperbolic far away from the critical point 1.

Proof. Let us consider a C® map f € &, with negative Schwarzian derivative at [b, 1). Let
54 and C*-neighborhood ¥} given by Proposition 3.2.13. As we just observed, f is hyperbolic
for away 1 because f have negative Schwarzian derivative at [b, 1) (see note bellow Definition
3.2.10). Then f is hyperbolic in the maximal f-invariant set in the complement of (1—dy, 1].
From the openness of the hyperbolicity we can find a C'-neighborhood Y, = ”//~4( f)of fin
&y, such that all g € Y, is hyperbolic in the maximal g-invariant set in the complement
of (1 — d4,1]. Define #5 = 7, N ¥,. Now take g € ¥ and § < ;. Then, for all = in the
maximal g-invariant contained in [0,1 — 6] we have that either Vk > 1,¢*(z) ¢ (1 — &4, 1]
or for some ki > 1, (x) € (1 — d4,1]. In the first case, taking k big enough we have that
|Dg*(z)| > 1. In the other case, by (3.31) of Proposition 3.2.13, | Dg*(x) |> Cy - A1

Now applying the same argument to g*(z), we have two alternatives: there is k big
enough such that | Dg"*™*(z) |> 1 or there is ky such that g (¢* (z)) € (1 — d4,1) in a
such case by (3.32) of Proposition 3.2.13 we have that

| Dy () |2 Co N A

Inductively, we obtain that for some k big enough | Dgk(x) |> 1.

From this and Proposition 3.2.9 we obtain that g is hyperbolic in the maximal g-invariant
set in the complement of (1 — ¢, 1]. As § is arbitrary then g is hyperbolic far away from the
critical point 1. The proof follows. |

3.2.3. Proof of Theorem 3.2.4

Let f € o7, and = a element in the invariant maximal set contained in [0, a] U [b, 1]. The

w-limit set of , wy(x), is defined by

wi(z) ={y €[0,a] U b, 1] : 3 n; — oo such that f"(z) — y}.

Let J be an interval contained in maximal invariant set in [0, a] U [b, 1]. The w-limit set
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of J, ws(J), is the union of the wy(z) for z € J. We said that J is a wandering interval of
the map f if the intervals J, f(J),... are pairwise disjoint and the w-limit set of J is not

equal to a single periodic orbit.

The Theorem 3.2.4 is related with non-existence of wandering intervals. This old prob-
lem goes back to Poincaré’s work dealing with homeomorphisms of the circle (see [58]).
Since then efforts of a number of authors have been directed towards proving the non-
existence of wandering intervals because their appearance complicates our understanding

of the dynamics.

Proof of Theorem 3.2.4. Fix a C® map f € &7, with negative Schwarzian derivative at
[b,1). Let us consider ¥4, d; y A4 given by Proposition 3.2.13. Take a C'*-neighborhood ¥
of f in @7 given by Corollary 3.2.14. Define ¥ = ¥, N ¥5.

Now fix g € 7.

First we observe that g has no sinks. Indeed, by Corollary 3.2.14, g is hyperbolic (expand-
ing) far away from critical point 1 and by Proposition 3.2.13 applied to orbits beginning

close to de critical point 1 we conclude that ¢ has no sinks.

Suppose that A, = ﬁ g *(I) contains an interval J. If there are integers m # n such
that g™ (J)Ng"(J) has ;;)(1][1 empty interior, then g has sinks (see [G' 79], Lemma A, pag. 142)
and so we get a contradiction. Therefore, the sequence of intervals {¢"(J)}52, are pairwise
disjoint and can not accumulate a sink, i.e. J is a wandering interval. From Corollary 3.2.14

it follows that ¢" (/) accumulate to 1 and

| g"(J) |— 0 as n — +oo. (3.33)

Let us consider 0 < 1 < 04 and an integer ng in a such way that Vn > ng, [¢"(J)| < d4—n.
So, if for n > ny g"(J),N(1 —n, 1) # O then ¢"(J) C (1 — d4, 1).

As the iterates of J accumulates 1, there is a sequence ny, such that g™ (J) C (1 —d4, 1).

From Chain Rule Theorem we have

g™ ()] = [g™(g" ()|
= [Dg"™7 @) [-[g" ()],
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for some & € ¢"0(J) C (1 — &4, 1).
Because g"~™0 (&) € g™ (J) C [1 — d4, 1] we can apply (3.32) to obtain

g™ ()| =2 [ gm() |-

As nj;, — oo we have that
| g™ (J) |- o0

and so we get a contradiction with (3.33). The proof follows. [

3.3. Proof of the Main Theorem

In this section we prove the Main Theorem (Theorem Theorem 3.1.1)
Let X € 2°°°(M,0M) be exhibiting a generic singular cycle

F = {070,’70»’)’1}

associated to a singularity o € OM. We shall prove that X also exhibits, for all k large

enough, a C*-robust transitive set A on the space of C* vector fields containing o.

Under generic hypothesis we can assume the existence of C? linearizing coordinates in a
neighborhood of the singularity o as well for the Poincaré map associated to the periodic
orbit O (see [80], [27]). Moreover, there is a k, depending only on the eigenvalues of o and
O, such that for any C* vector field Y C*-close to X, there are C? linearizing coordinates
in neighborhoods of the continuation of the singularity ¢ as well for the Poincaré map
associated to the continuation of the periodic orbit O, which depend smoothly on Y. From

now on we fix such k.

We split the proof in some steps. In the first we describe how the cycle is located. The
second prove the existence of a isolating block and finally, in the third step we show the

transitivity.

First step: To describe how the cycle I' is located in OM. As ¢ € OM we have either
Ws(o) € OM or W*(o) C OM (this follows from dominated splitting arguments applied
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to the eigenvector decomposition to T,(0M) , see [3]). In any case we have O C OM
because of the existence of 79,7, and the fact that OM is compact. If W*(o) C OM
then W*(O) ¢ OM otherwise these manifolds could not be transverse at -, therefore
W#(O) C OM. Hence 79 C OM and so W"(c) C OM at ¢ which is a contradiction. This
proves that W"(o) C OM. From this it follows that W#(o) is transverse to OM at ¢ and
W#(0) C OM. Therefore W (o) C OM because W*(O) is transversal to W (o) along .
All of this proves that the cycle is like that in Figure 3.5.

Y,

Figura 3.5: Cycle I located in OM.

Second step: To construct a suitable neighborhood U of I'. Fix a point p € O and a cross
section S at p. Under generic hypothesis we can assume the existence of ¢y : S — X a C?

change coordinate on S that linearize the Poincaré map defined on S, where
Y =[-0,1+4] x[0,1+9],
with 6 > 0 small.

In this coordinates we have p = (0,0), X NOM = 9X NIM = {y =0} C W*(O) and
{z =0} Cc W*(0).

Identifying S with X trough ¢ x, we can select one point ¢; € 43 N X whose positive
orbit does not meet ¥. Without loss of generality we can assume ¢ = (0,1). Then the
connected component of W#(o) N'Y that contains (1,0) is the graph of a smooth map .
Also we can assume that the Poincaré map is defined on [—d,1 + d] x [0, a] for some a fix

with 0 < a < 1.
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We may think of ¥ as the meridian disk of a solid torus neighborhood
ST =% x St
of O in M where S' denotes the unit circle.

Afterward we select one point gy € vpMN% whose negative orbit does not meet . Without

loss of generality we can assume go = (1,0).

Take linearizing coordinates on a neighborhood of singularity o. In this coordinates
o =(0,0,0) and B, = {(x1,29,23) : 0 < a3 <1, —1 < x1,29 < —1} is a neighborhood
of o. Moreover, {x3 = 0} C OM so that {zo = 0} C W¥(0), {1 = 0} C W (o),
{z1 = 29 = 0} C W*(0) and {zy = z3 = 0} C W*(o). We can also assume that the
positive orbits through {y = ¢(x)} go directly to {x3 = 1} without intersect 3. Hence the
same happens in some horizontal band H; around {y = ¢(z)}. By taking the union of the
positive orbits through this band we obtain a compact set denoted by Wj.

Finally, (0,1, 0) (in the coordinate system (z1, s, x3)) belong to 7y. Hence we can choose

a small tubular neighborhood W), around the orbit path in 7, joining (0,1, 0) to ¢ = (1,0).
Collecting the sets ST, Wi, B, and W, together we obtain
U=STuW,UB,UW,
which is a neighborhood of T'.
The principal facts given above are as in the figure 3.6.

Third step (the most important): To prove that the set

A= () X(U)

teR
is a C*-robust transitive set of X . Indeed, in this work we will prove that for all Y C*-close

to X, Ay = [\,er Y2(U) is a transitive set. Note that Theorem 3.1.1 follows from from this
step since 0 € I' C A.

To prove that A is a C*-robust transitive set for X we need to do an accurate description
for Poincaré maps involved in the dynamic around the cycle. With this we will establish

results about hyperbolicity for orbits far away from stable manifold of the singularity.
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Figura 3.6: The Poincaré map on the cross-section on O.

First of all we observe that A is not empty since it contains the cycle I'. On the other
hand, by choosing carefully the boundaries of the sets which compose the isolating block
U( given in the second step), we can observe that U is a compact neighborhood of A. Hence

A is a non-trivial isolated subset of X.

Let consider the Poincaré map Iy associated to the periodic orbit O. By linearizing

hypothesis we have IIx : Hy, C ¥ — X is the linear map

where 0 < A < 1 and p > 1 are the eigenvalues for the periodic orbit O, Hy, is the
horizontal band [0,1 + d] x [0,a]; and IIx({y = a}) C {y =1+ ¢}.

Let ¥ = {z3 = 1,29 > 0} and X,y = {29 = 1}.

The flow define a Poincaré map Il;, x : H CY — Yin defined in a horizontal band H,
around {y = ¢(z)}. We have that one of the components of Hy \ {(x, ¢(x)) : 0 < z < 1}
goes to {x3 = 1,25 < 0} while the another one goes to {x3 = 1, x5 > 0}. We denote by H;
the closure of the component which arrives to {z3 = 1,25 > 0}. We may assume that H;

is bounded by the curves {y = ¢1(z)} and {y = ¢(z)}. Depending on the orientation of
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II;, x at (0,1) we have for every z either ¢;(z) < ¢(z) or ¢1(z) > p(x). We assume that
v1(z) < (), the other case can be handle with similar arguments. Furthermore changing
the section Y, we can assume that ¢;(z) = b, for some b fix with 0 < b < 1. We denote
Hi=Hy,={(z,y) :x€[0,140], b<y < p(x)}.

_Ass

Denote by ax = —i‘—s and Bx = —45=.

There is also a (local) Poincaré map I, x : i — Xou. By linearizing hypothesis
Wioe x (21, 2) = (21 - :rgx, x5*). We can extend continuously this map to {z3 = 1,25 > 0}

by setting I1;,. x ({22 = 0}) = (0,1,0).

There is third a Poincaré map I, x from Wy N {zy = 1} (which is a neighborhood of
(0,1,0) in {zy = 1}) into Wy N3 (which is a neighborhood of ¢y in ¥).

Putting these Poincaré maps together we obtain a return map
inHo’aUHbWCZHZ

defined as I1x in Hy, and I,y x 0 joe, x o 1L, x in Hy. We write Iy = I, IL;, x = I, etc.
to emphasize dependence on X. We can suppose that Rx({y = b}) C [0,1+6] x (1,1+9).

Let O(Y), o(Y), ¢y, @(Y), ¢1(Y), 7(Y) and ~(Y') be the continuations of O, o, ¢,
qo, q1, Yo and ; respectively. Observe that the cross-section .S remain transverse to any
flow C'-close to X. Take ¢y : S — ¥ a C? change coordinate on S that linearize the
Poincaré map induced by the Y-flow on S. Identifying S with ¥ trough ¢y we can suppose
that ¢o(Y) = (1,0) and ¢, (Y) = (0,1). Moreover let Ay and py the eigenvalues associated
to O(Y'), the continuation of A and p respectively. Let As5(Y) < As(Y) < 0 < A, (Y) be the

eigenvalues of DY (o(Y)), and denote ay = —/’\\ug% and Oy = —%

The maps IIx, L, x, joc x, Hou, x as well as Rx have continuations Iy, I, v, ey,
I,y and Ry for all vector field YV close to X. We can suppose that Ry ({y = b}) C
0,14 0] x (1,1+96).

We have that

ﬂY;(U) =(Cl (UYt- (ﬂ R?/(Ho,a U Hb,gay))) )

teR teR neZ

where CI(+) denotes the closure operator. So, in order to prove that NyerY;(U) is a transitive
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set, we only need to prove that the maximal invariant set

() By (Hoo U Hypy ) (3.35)

nez

is a transitive set of Ry.

Previously, we recall that a continuous foliation .% is invariant by R : Dom(R) — R? if
for every leaf L of .% contained in Dom(R) there is a leaf L of .% such that R(L) C L. We
say that .% is contracting by R is there exists a constant C' > 0 and 0 < A < 1 such that

| DR*(p) -v ||< C - A",
foralln € N, for all p € L, for all L € .# and for all v € T,,L.

For all vector field Y C*-close to X, there exists a contracting invariant C! foliation .7
for Ry depending smoothly on Y'(see [6]). Using that Ry ({y = b}) C [0,1+ 0] x (1,14 9),
this construction can be made in a such way that the set {y = 0}, {y = a}, {y = b} and
{y = ¢y (x)} are leaves of this foliation. Moreover, by condition on the eigenvalues of the
singularity o, the invariant foliation for the vector field X can be choosing C® (see [71]).
We can use this foliation to put new coordinates (x,y) on X, still linearizing, such that for
all (x,y) € Hyo U Hyy

RY(xvy) = (fY(Iay)JgY(y))v (336)

for some C! maps fy(-,-) and gy(-). Moreover fx(-,-) and gx(-) are C® maps. Note that
gy (a) and gy () are greater than 1.

Proposition 3.3.1.. Let X € 27°°(M,0M) and k as above. Then for all Y Ck-close to
X, the map gy (-) satisfies the following properties:

(a) gv(-) € F1;
(b) gy(-) is C* close to gx(-);

(c) gx(-) is a C® map and Sgx(y) <0 aty € [b,1).

Proof. First of all we will obtain the expression of gy (y).
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From (5.2) and (3.34) we get that

gy (y) =py -y (3.37)
for all y € [0, al.
Now we will obtain the expression of gy (y) for all y € [b, 1].

Indeed, by Taylor formula,

Wiy (z,y) =iy (@1 (Y)) + DLy y (1 (Y)) - (z,y — 1) + Oy (z,y — 1),

where

DIy (1 (Y)) = [ Z: Z}; ]

ein,Y(myy_l) — 0

with ay, by, Cy, dy € R and lim(%y)_,(m) (@Dl

As DIl vy (1(Y)) - e1 = (ay,cy) and DI,y (q1(Y)) - ea = (by, dy), by assumption we
have that ay and dy are negatives and ¢y = 0. Also we have that I1;, y (¢1(Y)) = (2¢(Y),0).
Then

Wy (z,y) = (xo(Y)+ay -z+by-(y—1)+01y(zr,y—1),
dy - (y — 1)+ Oqy(z,y — 1)),

where 0,y = (01y,02y).

Note that ©2y (z,0) = 0.

Also, by Taylor formula,

Wouty (Z1,%3) = Hour,y (0,0) + DIlpyue v (0,0) - (Z1, Z3) + Ooury (T1, T3),

where
& dy

iy b
DIy (0,0) = [ e ]

eoutA,Y (jl ai?)) — 0

with ay, By, Cy, d~y € R and h/m(:gl,%)_,(o’o) Gzl

As DI,y (0,0) - €1 = (ay, ¢y) and DI,y (0,0)-e2 = (Ey, Jy), by assumption we have

that ay and dy are positives and & = 0. Moreover we supposed that IT,uy (0,0) = (1,0).
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Then
Howy (21,23) = (1+ay -2+ by - s + O3y (Z1,T3),
dy - &3 + Ouy(Z1,73)),

where @out,Y = (@37)/, @471/).
Note that ©4y(#1,0) = 0.

On the other hand, remember that

Wioe,y (@1, 22) = (21 ‘l’gyal’gy)-

Putting
AY) = [2o(¥) +ay @+ by - (y = 1)+ Ory(w,y — 1)]

and

By
BY) = [dy - (y= 1) + Oay(w,y = 1)] |
we denote by
7, =AY)-B(Y)
and

fg = [dy (y=1) + Oay(z,y — 1)]”.

As Ry =Iouy © oy 0 Iy (in Hpyq) from (5.2) we get that

fy(l’,y) =1 + Ely . j1 + EY . i‘g + @371/(@1,553)

and

gv(y) = dy- [dY (Y =1)+Oay(z,y — l)ry +
Ouy(T1, 7). (3.38)

Therefore, gy (y) can to express as

gv(y) =y — 1|* - Hy (y), (3.39)
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where
5 Oy (z,y —1)12 | Oyy (71, 7T3)
Hyy:dy-[—dy—i—’—} + 3.40
i V1] 1 (340
Next, by expressions for £; and Z3, we have that
lim Hy (y) = dy - |dy|* > 0. (3.41)
y—)

Let us prove Statement (a). By (3.37), gv(y) = py -y for all y € [0,a]. Moreover, by
assumption we have that gy is decreasing on [b, 1], gy (1) =0, gy (a) > 1 and gy (b) > 1.

To continue we need compute the derivative. From (3.39) we have

Dgy(y) = |y — 1]~ [— ay - Hy(y) + |y — 1] - DHy(y)]~ (3.42)

On the other hand, from (3.38) we have

ay — = Ogy(x,y —1)\ar-1
Dgy(y) = \y—llyl'<o‘ydr<—dy+”,;_1|)> '
o 0,71
(dY + ayGQ,Y(ZE7y - 1)) + 651@4,Y($1, ZL’3) * W
L. 0,73
+aj;;@4,Y(x1,x3) . |y_??]_|04y1> (343)

Moreover note that
0, T o
L = Iy 1Py 0,010y~ 1)
© —1)\8
(-dy+ 2,Y(m)y )) Y
ly — 1|
By - ly — 1= (dy + 0,05y (z,y — 1))

(oY) +ay -z+by-(y—1)+O1y(x,y—1))

(- + Oty =Dy
( —dy + 2222/ )
ly =1
From this we get that lim,_,; w?ﬁ# =0
Furthermore,
O _ (L g,y Gy =Dy
Yy —dy 22
ly — Lfov—t ly — 1

(dy + 0,02y (7,y — 1))
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From this we get that lim, w—aﬁ% = —|dy|*.

Comparing (3.42) with (3.43) we get

lim (= ay - Hy (e,y) + |y = 1] - DHy(y)) = —ay - dy - [dy[**.

y—1

So, from this and (3.41) we obtain

h’n% ly —1|- DHy(y) = 0.
y*)

Therefore, Dgy(1) = 0. All of this proved that (i) and (ii) in definition 3.2.3. This
completes the proof of (a).

Let us prove Statement (b). First of all note that ay is close to ax because depend
on the eigenvalues of the singularity ¢, which move continuously with the vector fields.
On the other hand, the above argument show that the values for the entries of DII;, y(¢1)
and DI,y (0,0) are close. Then, to prove that Hy(-) is C° close to Hx/(+) only remain to
show that the quotients involving the remainder term in (3.40) for X and Y respectively
are close. We made it using Taylor’s Formula for C? maps. In the same way we conclude

that Dgy(+) in 3.42 is C° close to Dgx(-). This proves Statements (b).
Let us prove Statement (c). Indeed,

Dgx(y) = —ax -dx - |dx|** - |y —1[*"- A(y)
D%gx(y) =ax - (ay —1)-dx - |dx|* - [y — 1]°x72. B(y)

and

Digx(y) = —ax - (ax — 1) - (ax — 2) - dx - |dx|** - |y — 1[*¥73. C(y),

where A(y), B(y) and C(y) are maps such that lim, .; A(y) = 1, lfim, ., B(y) = 1 and
lim, ., C(y) = 1.

Therefore, for all y we have,

_ DPgx(y) 3 (D’gx(y)\2
S9x0) = 57 "2 (Tgae))

= |ly—17% hx(y),
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where

Then, taken limit we obtain that hx(1) =1 —a% < 0.

Replacing ¢ by some positive iterate of it, say n and replacing ¢; by some negative iterate
of it, say the same —n, we obtain a new Poincaré map R defined on a small neighborhood
of (0,0) on 3. Normalizing by the change coordinates (i,9) = (A", p™y), the shape of
R=TI"o I,y © o © I, o IT™ in this new coordinates is given by:

~

R(z,9) = (f(N*"2,5), p™"9(3)).

This Poincaré map R = (f, §) is defined on [0, 1] x [b, 1] for some b very close to 1. Take
this in mind it is clear that the map ¢ has negative Schwarzian derivative. So item c) is

proved.

Therefore choosing a small horizonal band around {y = 1}, modifying suitably the
section ¥ and iterating by the Poincaré map around the orbit O, we can suppose that
Sgx(y) < 0 for all y € [b,1). This proves the Statements (c) and finish the proof of
Proposition. n

Denote by T'Y the tangent bundle of ¥. Given p € 3, v > 0, we denote by C}%(p) the

horizontal y-cone with inclination -, i.e.,
Chp)={veT,X:v=(uw);lw <~v-|ul}.
Also, we denote by C7.(p) the vertical vy-cone with inclination 7, i.e.,

Cv(p) ={v e X v = (v, w); |uf <~ [w]}.

A ~-cone field in ¥ is a continuous map C? : p € ¥ — C7V(p) C T,X, where C?(p)
is a r-cone with constant inclination v on T,X. Let R : Hy, U H,; C ¥ — X be any
map. A v-cone field C7 is called R-invariant if DR(C7(p) \ {0}) C int(C7(R(p))) for all
p € HyoUHy;. A ~y-cone field C7 is called R-contracting if there are C' > 0and 0 < A < 1
such that || DR™(p) - v [|[< C-A™ | v ||, Vn € N, Vp € ¥ and Vv € C7(p). A ~-cone field
C"7 is called transversal to a foliation .# on ¥ if T,L N C7(p) = {0}, Vp € L and VL € .Z.
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Proposition 3.3.2.. Let X € Z°(M,0M) be exhibiting a generic singular cycle as in
Theorem 8.1.1. Then exists v with 0 < v < 1 such that for all Y C'-close to X there
are invariants y-cone fields C}; and CJ, on . Moreover C}; is Ry -contracting and CY, is

transversal to the foliation F .

Proof. Fix X € 2°°(M,0M) as in the Statements of Proposition. Then there exists a
with 0 < v < 1 such that for all Y C'-close to X there is a horizontal v-cone field C}; on

) which is invariant and contracting by Ry (see [6]).

On the other hand, using that A is a partial hyperbolic set for X, for some v € (0, 1]
we can construct in standard way an Rx-invariant vertical y-cone field CJ on an open set
U containing A (see [8], Lemma 4, pag. 284-285 or also [52]). Then, from the openness we
have that for all vector field Y close to X this cone field is Ry-invariant. Moreover this

cone field is transversal to the foliation .%. Therefore, the proof follows. |

From now on we fix such v, C}; and C7.

Proposition 3.3.3.. Let X € Z°(M,0M) be exhibiting a generic singular cycle as in
Theorem 3.1.1. Then, there exist a neighborhood ¥ of X in Z*(M,0M) such that: For all
d >0, forallY € ¥, Ry is hyperbolic on ([0, 1] x [0, a]) U ([0, 1] x [b,1—10]), More precisely,
there are C7 = C1(Y) > 0, Co = Cy(Ry,d) >0, 0 < A\ = M(Y) <1, Ay = Ao(Ry,0) > 1
in a such way that ¥n € N, Vp with R'(p) € [0,1] x ([0,a] U[b,1 —46]), 0 <i<n—1 and
Yo € C}(p) we have

| DRy"(p) - v |< Cr-Ar- [l v [ - (3.44)

Moreover, for all v € CJ.(p) we have

| DRy (p) - v [[> Co- A3 || v || - (3.45)

Proof. Fix X € 2°°°(M,0M) as in the statement of Proposition.

By Proposition 3.3.2 we can choice a neighborhood ¥, of X in 2°'(M,dM) such that
for all Y € #] the v-cone field C}; and C7, exist. Moreover, C7; is invariant and contracting

by Ry!' and CYy is invariant by Ry and transversal to the foliation .%.



Chapter 3. Singular cycles and C*-robust transitive sets... 85

Note that X has associate an one dimensional map gx. From Proposition 3.3.1 (see
statements (c)) we get that gx is a C® map, gx € 4 and gx has negative Schwarzian
derivative at [b,1). Then by Corollary 3.2.14, there exists a neighborhood ¥5 of gx in
7y, such that each g € 75 is hyperbolic far way from the critical point 1. We can choice
a neighborhood %5 of X in 2Z%(M,0M) in a such away that for all Y € ¥;, the one
dimensional map gy associate to Y is a element of 75 because Proposition 3.3.1. Define

V=7 NY.

Fix § > 0 and Y € ¥. The existence of C; and A; (which only depend on Y) and
which satisfies the inequality (3.44) is a consequence of the fact that C7; is invariant and

contracting by Ry".

Now we will prove the remainder of the Proposition. Indeed, as gy € ¥5 we have that
there are C5 = C5(0, X) > 0 and A5 = A\5(d, X)) > 1 such that for all n € N, for all y with
g (y) € 0,a U b1 —6],0<i<n—1we obtain

|Dgy(y)| > Cs - Xg. (3.46)
Define o

JR— 5 —

= 7111&}{{’)/7 1} and )\2 )\5.

Fixn € N, p = (z,y) with R'(p) € [0,1] x ([0,a]U[b,1=6]),0 <i <n—1and v € C}(p)
with v = (v1, v9). Then have that ¢i (y) € [0,a] U[b,1 —6],0<i<n—1.

Moreover, from (5.2) we have

Oy (p) 0,3 () ] |

Pl e) = [ 0 9ygy(y)

Therefore, from this equality, the inequality (3.46) and definitions of Cy and Ay we get
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that
| DRy (p) - v || = méx{]d,f¢(p) - v1 + Oy f3+(p) - vl |0yg5- (y)] - |val}
> |0y9v(y)| - |ve]
995 (y
> Bl
méx{~, 1}
Cs
> 5
> S
= Cy-Ag-[lo;
which proof (3.45). The proof follows. [

Given a curve ( in X we denote by length(() the length of a curve (. We say that ( is
tangent to the y-cone field C7, if T),( is contained in C{,(p) for all p € ¢.

For the invariant foliation .% and for p € ¥, Z (p) denote the leaf of % containing p.
To the foliation .# we can associate the C' map II”7 : ¥ — R defined by

7 (p) = Z(p) N {0} x R.

Proposition 3.3.4.. Let X € 2°°(M,0M) be exhibiting a generic singular cycle as in
Theorem 3.1.1. Then, there exist a neighborhood W of X in Z*(M,0M) such that: For
allY € W, for all curve ¢ tangent to C7, with ¢ N ([ Ry (X)) # 0 there exists an integer

i=0
n = n(Ry,() such that 1”7 (R%(C)) contains [0, 1].

Proof. Fix X € 2°°°(M,0M) as in the statement of Proposition. Note that X has asso-
ciate an one dimensional map gx. From Proposition 3.3.1 (see statements (c)) we get that
gx is a C® map, gx € @, and gx has negative Schwarzian derivative at [b,1). Then by
Corollary 3.2.5, there exists a C'-neighborhood % of gx in 7, such that for all ¢ € %
and for all interval J with J N (ﬁ g (I)) # 0 there exists n = n(g,J) > 0 such that

=0

g"(J) D [0, 1]. We can choice a neighborhood # of X in Z%(M,0M) in a such away that
for all Y € #, the one dimensional map gy associate to Y is a element of % because

Proposition 3.3.1.

Fix Y € # and a curve ( tangent to C7, with ¢ N () By (X)) # 0.

=0

Define J = IT17 (¢). Note that JN([) g5'(I)) # 0. Therefore there exists n = n(gy, J) > 0
i=0
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such that g&(J) D [0,1]. So exists an integer n = n(Ry,() such that II7(R%(¢)) =
gy (Hj(g)> = ¢%(J) D [0,1]. The Proposition follows. [

Now we are ready to prove that the set given in (3.35) is transitive for Ry . Indeed,
denote by R = Ry.

Claim A: All stable leaf L € 7 intersecting (1, .o R™"(Hoa U Hp1) is accumulate by
hyperbolic periodic points of saddle type.

Indeed, take a stable leaf L € % intersecting ﬂnZO R™™(Hy, U Hy 1) and take a curve ¢

tangent to C, intersecting L. Because ( N L # () and L is a contracting leaf we have that

¢n (ﬂ R™"(Hyq U Hb,l)) £ 0. (3.47)
n>0

It follows from (3.47) and Proposition 3.3.4 the existence of a curve ¢ C ¢ and n({) € N

such that R () C Ho, U Hy; Y0 < i < n(y) — 1 and R"7(5) meets all leaf in .Z.

Let H({) be the horizontal band in ¥ consisting of saturating ¢ by the foliation ..
By the property of ¢ and n = n({) above we have that R"(H(()) crosses H(() in a
hyperbolic way. Then, by standard index arguments (see [56]) there is a periodic point of
Ron R*(H(¢))N H({). Such a periodic point is hyperbolic saddle by Proposition 3.3.3. By

taking ¢ close to L, the band H(({) remain close to L and then we have that such a point

is close to L. This proves the claim A.

Claim B: The hyperbolic periodic points of saddle type of R are dense in (), ., R"(Ho,, U
Hy,p). Indeed, take a point z € (o, R"(Hoq, U Hy 1) and take a neighborhood V' of z. We
can choice a large enough integer n such that a neighborhood U of the leaf that contains
R "(2), i.e. a small horizontal band around the leaf, be applied into V. By Claim A there

exists a periodic point of saddle type in U. Therefore the claim B follows.

To finish the proof of the transitivity of R we will use the classical Birkhoft’s criterium to
nez B (HooUH, 1) and € > 0 there are z € (o, R"(Ho,oU
Hy;) and n, € N such that d(z,p) < ¢ and d(R"*(2),q) < e. Indeed, fix p,q and e. By

the above claim B we can assume that p and ¢ are hyperbolic periodic points of saddle

prove transitivity: for all p, g €

type. Fix a curve v in W*(p) contained in Hy, U Hp;. We can assume that 7 intersects to

the leaf .7 (¢) transversally in some point z* by Proposition 3.3.4. Since the positive (resp.
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negative) orbit of z* is asymptotic to g (resp. p) we have z* € (1, ., R"(Ho, U Hy1). By

taking the negative orbit of z* we have some nj € N such that

d(R7™(z"),p) < e.

By taking the positive orbit of z* we have some n3 € N such that

d(R"(z%),q) < e.

Then z = R™"1(2*) and n, = n} + nj works.

Therefore, the proof of Fist step, Second step and Third step follows. So finish the proof
of Theorem 3.1.1. |



Chapter 4

Robust transitive sets of triangular

maps

Let X be the unit square [0, 1] x [0,1], U be a open set in R? which contains ¥ and fix
two reals number a,b, 0 < a < b < 1. We will consider the class 7 C {R : [0,1] x [0,a] U
[0,1] x [b,1] € ¥ — U} of triangular maps having the points (z, 1) as criticalities. We give

conditions for the existence of a C'-robust transitive set for maps in 7.

4.1. Triangular maps and statement of the Main The-

oreimal.

In the literature, triangular maps are reserved for properly continuous maps in [0, 1] x
[0,1] which are skew product, i. e., they preserve the constant vertical foliation (see for
instance [9], [30]). A triangular map is any F € C(I x I), I = [0, 1], such that F(x,y) =
(f(z),g(z,y)) for any (z,y) € I*. For a chronological list of authors who contributed to the
problem of classification of triangular maps, see Smital [75]. Moreover, Bautista, Morales
[8] also consider certain “triangular maps”defined on a finite disjoint union 52 of copies
of [-1,1] x [~1,1] and which are discontinuous maps still preserving a continuous (but

not necessarily constant) vertical foliation with large domain. Also is assumed hypotheses

89
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imposing certain amount of differentiability close to the points whose iterates fall eventually
in the interior of . The existence of periodic points for hyperbolic triangular maps that

satisfy other additional conditions and have large domain was proved by Bautista, Morales

[8].

Let 3 be the unit square [0,1] x [0,1] and U be a open set in R? which contain to
3 and we shall fix two reals number a,b, 0 < a < b < 1. We will consider the class
T C{R:[0,1] x[0,a]U[0,1] x [b,1] C ¥ — U} of triangular maps having the points (z, 1)
as criticalities. Moreover, this maps preserving a continuous (but not necessarily constant)
horizontal foliation. The main result asserting the existence of triangular maps exhibiting
T-robust transitive set,i.e. there is an open set % in 7 a such that all R € % the maximal

R-invariant set en X is a transitive set.

The paper is organized in three sections. In first section we introduce the Statement
of the main Theorem. In the second section we prove exponential grow of derivatives for

maps in an open set. Finally in the last section we prove the main theorem.

4.1.1. Triangular maps

Hereafter ¥ = [0,1] x [0,1] denotes the unit close square and U C R? a open set

containing .
Fix two real numbers a,b with 0 < a < b < 1.
Denote by p = (z,y) = (x,,y,) the natural coordinate system in U. Put

Li={y=0}; Lo={y=a}; Ly={y=0}; Li={y=1}.

We call a closed subset H C % (resp. V' C X) a horizontal (resp. vertical) band if it is
bounded by two disjoint continuous curves connecting the vertical (resp. horizontal) slides
of 3, {(0,y) : 0 <y <1} (resp. Lo) and {(1,y) : 0 <y < 1} (resp. Ly). See Figure 4.1.

Given a map F, we denote by Dom(F) the domain of F.

A curve ¢ in U is the image of a C'' injective map ¢ : Dom(c) C R — U with Dom(c)
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vertical band

{y=1} ﬂ

1 /
horizontal band

K

{x=0}

N (=1}
/

Figura 4.1: Shape of vertical and horizontal band.

being a compact interval. We often identify ¢ with its image set. A curve c is horizontal if
it is the graph of a C* map h: [0,1] = UNR, i.e., c = {(z,h(x)) : z € [0,1]} C U.

Let M be a differentiable m dimensional manifold, m > 0. A foliation % of dimension
n, 0 < n < m, is a decomposition of M in n dimensional submanifolds, called leaves of
the foliation. The foliation .# is C*, k > 0, if the holonomy map defined in transversal

cross-sections is a C* map. If k = 0 we said that the . is a continuous foliation.

Definition 4.1.1.. A continuous foliation F# on U is called horizontal if its leaves are

horizontal curves and the curves Lo, Lq, Ly, L1 are leaves of % .

It follows from the definition above that the leaves of a horizontal foliation .# are
horizontal curves hence differentiable ones. In particular, for all leaf L, the tangent space
T,L is well defined for all p € L.

Let Hy,,, denote the horizontal band [0, 1] X [yo, y1].

Definition 4.1.2.. Let R : Hy,UH,1 C X — U be a map and . be a continuous foliation
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on U. We say that R preserves .# if for every leaf L of F contained in Hy, U Hy; there
is a leaf L of F such that R(L) C L). In this case we say that F is contracting if there
are a constante C' > 0 and 0 < A < 1 such that

| DR (p) -v [ C- A",

forallneN,pe L, L e % andv € T,L.

Now we can define triangular map.

Definition 4.1.3. (Triangular map). A map R : Hy,UH;,1 C ¥ — U is called triangular
if it preserves and contrae a horizontal foliation % . Moreover R(Ly) C ([0,1) x {0}),
R(L,) Cc U\X, R(Ly) C U\X and R(L;1) = {(co,0)} for some ¢y € (0,1).

Notation. Let 7 denote the set of all the triangular maps R.

4.1.2. Quasi-hyperbolic triangular maps

The Quasi-hyperbolicity will be defined through cone fields in U: Denote by TU the
tangent bundle of U. Given p € U and v > 0, we denote by C7(p) the vertical cone with
inclination 7, i.e.,

C'(p) ={veT,U :v=(uw);ul <v-|wl}

A cone field in U is a continuous map C7 : p € U — C7(p) C T,U, where C?(p) is a
cone with constant inclination v on T,U. Let R : Hy ,UH,; C ¥ — U be any differentiable
map. A cone field C7 is called R-invariant if DR(C7(p)\{0}) C int(C7(R(p))) for all
p € Hypo, U Hypyi. Moreover, C7 is called transversal to a horizontal foliation .# on U if
T,LNC"(p) ={0},Vpe L and VL € F.

Now we can define quasi-hyperbolic triangular map.

Definition 4.1.4. (Quasi-hyperbolic triangular map). Let R : Hy,UH,; C ¥ — U be
a triangular map with associated horizontal foliation % . For two maps a, & : T — (1,00)
and numbers Ky, Ky, v and p such that Ko > 0, K1 > 0 and 1 < v < u, we say that R is
(Ko, K1, v, 1, a, &)-quasi hyperbolic if
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(H1) R is a C*-diffeomorphisms in Hy, U (Hy1 \ {y = 1}).
(H2) v, i, & = o(R) and & = a(R) satisfy: v-p'a > 1.
(H‘?) yR(p) S KO' | Yp — 1 |a’ Vp € Hb,l-
(H4) There are 0 <~y < 5 and an invariant cone field C7 in U transverse to F such that:

(H4-a) ¥p € Hy1,Vv € C7(p);

I DR(p) v |= Ky [yp = 11" - o]
(H4-b) ¥p € Hy o, Vv € C7(p)
vl < DR@) v 1< e ]l v ]

Notation. Let 7 denote the set of all the maps R which are (Ko, K1, v, i, , &)-quasi-
hyperbolics.

Figure 4.2 displays the essential features of the map R € 7.

Figura 4.2: Shape of R.



Chapter 4. Robust transitive sets of triangular maps 94

4.1.3. Definition of the C'-topology in 7

Definition 4.1.5.. In the space of maps T we consider the C*-topology which is defined
by the metric

der(R,R) = méX{Sl;p | R(p) — R(p) II,Slzl)p | DR(p) — DR(p) |,

[ a(R) ~ a(R) |.| &(R) ~ &(R) |: p € Hoo U Hyy }.

4.1.4. Schwarzian derivative

Definition 4.1.6.. Let f : Dom(f) C R — R be a C3 map. The Schwarzian derivative of
f at x € dom(f) with Df(x) # 0 is defined as

_ D) 3 (DAl

2 \Df(x)

SH@) = 57~ 2

We say that [ has negative Schwarzian derivative si Sf(x) < 0 for all x € Dom(f) such
that Df(x) # 0.

From the definition 4.1.6, the following formula for the Schwarzian derivative of the

composition of two C?® maps follows immediately by the chain rule,

S(go f)(z) = Sg(f(x))- | Df(z) [ +Sf ().
Hence, the Schwarzian derivative of the iterates of f is given by

S7'@) = Y ST | DG

Therefore, if a map has negative Schwarzian derivative, so do all its iterates.

The lemma below (see [42], pg. 154) is the main analytical property of maps of negative

Schwarzian derivative that will be used in the section 4.2.
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Lemma 4.1.7. (Minimum Principle). Let T be a closed interval with end points r, s
and f:T C dom(f) — R be a map with negative Schwarzian derivative. If D f(x) # 0 for
all v € T, then

| Df(x) [>min{| Df(r) [,[ Df(s) [}, Vo€ (rs)

4.1.5. Hypothesis (H)

We impose some regularity on a horizontal foliation .# associate to a triangular map.

To any horizontal foliation .# we can associate the holonomy map I17 : U — R defined
by
7 (p) = Z(p) N {0} x R,

where .Z (p) is the leaf of .# through the point p.
A R-invariant horizontal foliation % can be used to define a new coordinate system
(z,9) = ¢(z,y) = (z,117 (z,y)) (4.1)
in a such way that R = p o Ro ¢! has the following shape:
R(z,9) = (9(z,9), f(©)) (4.2)
holds for some maps f : Dom(f) CR — R and g : dom(g) C R* — R.
Definition 4.1.8. (linear-contracting map). Let f : [0,a] U [b,1] C R — R be a C?

map. We say that its is a linear-contracting if:

(h1) There exists py > 1 such that f(x) = ps-x for all x € [0,a]. Moreover, f is decreasing
on [b,1], f(1) =0 and Df(xz) = 0 if and only if x = 1. Additionally f(a) > 1 and
f(b) > 1.

(h2) f has negative Schwarzian derivative on [b,1).

Figure 4.3 displays the essential features of a linear-contracting map f.
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0 a b 1
Figura 4.3: Shape of f.

Definition 4.1.9. (Hypothesis (H)). Let R: Hy,U H,1 C ¥ — U be a triangular map
with associate horizontal foliation F of class C®. We say that R satisfies (H) if the map
f given by (4.2) is linear-contracting and 11”7 additionally satisfies the property:

‘ o1

<ot B 0]

Our main theorem is the following result.

Theorem 4.1.10. (Main Theorem). Let Ry be a (Ko, K1,v, 1, a, &)-quasi-hyperbolic
map (ise., Ry € T) satisfying (H). Then there exists a C'-neighborhood % = U (Ry) of
Ry in T such that for all R € %, the mazimal invariant set,

(R (4.3)

nez

be transitive, i.e., there is z on it such that {R"(z) : n € N} is dense in the mazimal

invariant set given by (4.3).

4.2. Elementary results

We start with the following lemma.
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Lemma 4.2.1.. Let Ry be a triangular map with associate horizontal foliation F of class

C' such that 117 satisfies %(w,y)) < 1 and ’%(w,y)‘ > 3. Let (z,7) = ¢(z,y) be

the coordinates given by (4.1) and f be the map as in (4.2). Then, there exists a constant
Co = Co(Ry) > 0 such that for all i € N, for all p € dom(R}) and for all v € C7(p),

I DRy(p) - v (1= Co- | DF (@) | - [ v | (4.4)

where (z,7) = ¢(p) .

Proof. Fix Ry as in the statement of the lema. Let consider the coordinates (z,¥) given
by (4.1):

(z.9) = o(z,y) = (z, 117 (z,y)). (4.5)

So, Ry = ¢ 0 Ry o ¢~ became the map
according (4.2).

We define
M =max{|| De(Z) ||: 2 € dom(p)}.

and

To continue we claim
Claim A. For all p = (,%) € dom(Ry) and for all ¥ = (u,w) € R? we obtain

I DRo(p) - v [I=] DF(G) | - | @]

Indeed, fix p = (7,9) € dom(Ry) and v = (u,w) € R2.

From (4.6) and the definition of Jacobian matrix we obtain

Dm@y02<$@gﬂ;%gyw>'
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In this equality, we denote by @ = %(]5) U+ g—g(ﬁ) -w and w = Df(y) - w. Therefore,
considering the maximum norm, we obtain
| DRo(p) -0 || = méx{|al,]@ [} (4.7)

If | @ |>| w | then of (4.7) and the of the definition of w we have

I DRo(p) - v || = méx{|al,|w[}
= |a]
> |w]
= [Df@ |- [w].

On the other hand, if | 4 |<| @ | then of (4.7) and the of the definition of w we get that

I DRo(p) -0 || = méx{| @[ [}
= |w]
= [ Df@) |- [w].

This proof the Claim A.

Claim B. For all j € N, for all p = (%,7) € dom(R)) and for all & = (@, w) € R? we have
that

I DRy(p) -7 12| DF () |- | @] (4.8)

Indeed, using induction on j and the Claim A, the proof of (4.8) of Claim B follows.
Now fix i € N, p € dom(R{) and v € C7(p). We denote by p = (z,y) and v = (u, w).

From (4.5) and definition of Jacobian matrix we obtain

D U= 7 " 7 .
A (8295 (p)-u+8§y<p>-w)

We denote @ = u, w = agj (z,y) - u+ %(m,y) ~w and ¢(p) =p = (Z,7).
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For other hand, as ¢ o p~! = Id then for all § € dom(p~!) and for all z € R? we have

that

1=

IN

therefore we obtain

I Do~ (a) - 2 ||

| Do(e™1(q)) - D™ (q) - 2 ||
I Do(e™ (@) | - Il Do~ (q) - Z ||

1

Vi (4.9)

=

Remember that Ry = ¢~ o Ry o ¢. Then from Chain Rule Theorem and definition of ©

we obtain

DR;(p) - v

Dy~ (R (¢(p))) -

Dy~ (R (¢(p)

o O
S
=T ==
S5
S 2
@\g
5
=
<

(4.10)

From (4.10), the definition of p, the inequality (4.9) ( taking § = Ri(p(p)) and z =
DRi(p) - v) and (4.8) of Claim B we get that

I DRy(p) - v ||

o

Then using that w = <

(p) -

I17 and the fact that 0 <y < 1,

on”

| Do (R(o(o))) - DRB) 7 |
| DRip) o |

D@ |-l w ]

>

v

(4.11)

u—+ —‘951: (p) - w, the bounds for the partial derivatives of

we obtain that

o] = |G u+ )]
B ) L )
> (- Pl ]+ )
1 3
> foi (-1
SRS
. (4.12)
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Therefore, (4.11) and (4.12) imply that

| DRp) v |12 5 | DF @) |- w |

By hypothesis, 0 < v < < 1 and v € C?(p). So

ol = méx{]wl[w]}

< max{y [w || wl}
= |w|-mix{y,1}
= |wl,

then this inequality, the preceding estimates and definition of Co imply that

i 1
| DRy(p)-v || > m
0 |

ADf@ v
Df @) |-l

and this proves (4.4) of Lemma 4.2.1. [

The Minimum Principle given by Lemma 4.1.7 will be used to find an lower bound, non

depending on i, for the derivative D fi(x) for all z such that fi(x) is far from 1 and 0.

Lemma 4.2.2..Let f : [0,a]U[b,1] — R be a linear-contracting map and let ¢ and d be two
real numbers with 0 < & < d < 1. Then there exists a constant Coy = Co(f,é d) > 0 such
that for alli € N and for all z € (0,a) U (b, 1), if fi(z) € [¢,d], then

[Df!(x)] = Co. (4.13)

Proof. Fix f:[0,a] U [b,1] — R and ¢ and d as in lemma.
Define

Co = min{é 1 —d}.

Let consider a interval J C R. We denote by lenght(.J) the length of J.

Now, fix i € N and z € (0,a) U (b, 1) such that fi(z) € [¢,d].
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Let us consider I, = [&,&;] the maximal interval containing x where f? is defined.
For maximality of I, we have that either [0,¢] C f*([&,]) and [d,1] C fi([z,&]), or
[d,1] € fi([éo, w]) and [0,6] C f' ([, ).

In both cases, by Mean Valued Theorem there are 50,51 with & < 50 <z < 51 < &
such that

lenght(f*([€o, 1))

| Df* () | lenght([&o, x])

> lenght(f'([&.4])) > Co (1.14)

and

lenght(f([z,&]))

| Dfi(&) | lenght(z, &)

> lenght(f*([z,&])) = Co, (4.15)

Using the Minimum Principle (Lemma 4.1.7), the definition of f restricted to [0, a], the
fact S(f*)(y) = S(f"(b,1) o f|(0,a))(y) < 0 for all y € (0,a), inequalities (4.14) and
(4.15) we obtain either

[Df'(@)| > min {|DF &), IDF(E)I} = Co.

or

IDf!(z)| = B} > 1> Cp.

Figure 4.4 it illustrates the situation for f* with i = 2.
Therefore, the proof follows. |

Lemma 4.2.3.. Let Ry be a (Ko, K1, v, 1, o, &)-quasi-hyperbolic map (ie., Ry € T) sat-
isfying (H) and let ¢ and d be two real numbers with 0 < ¢ < d < 1. Then there exists
a constant Cy = Cyo(Ry,c,d) > 0 such that for every i € N and every p € dom(R}), if
Ri(p) € [0,1] X [e,d], then

I DRy(p) v 1= Co- || v | (4.16)

for allv € C7(p).
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0 &&a b I

Figura 4.4: Case f' for i = 2.

Proof. Fix Ry, ¢ and d as in the statement of the lemma. Also consider the Ry-invariant

foliation .# and the coordinates (Z, ) defined by % in (4.1) and Ry given by (4.2).

From Hypothesis (H), the quotient map f according (4.2) has negative Schwarzian

derivative.

Take two real numbers ¢, d, with 0 < ¢ < d < 1 such that

2= (z,9) € [0,1] X [¢e,d] = 7 € [¢, d]. (4.17)

Take C given by Lemma 4.2.2 applied to f, ¢ and d as above, and take éo given by Lemma
4.2.1.

Taking
CO = OO . é()
we prove that Cy works. For this we fix i € N, p = (z,y) € dom(R}) with Ri(p) €
[0,1] X [¢,d] and v € C7(p).

Note that for (4.17), f(y) € [¢,d], so Lemma 4.2.2 applied to y give us
| Df () 1= Co. (4.18)

Therefore, from (4.4) of Lemma 4.2.1, (4.18) and definition of Cj we obtain

I DRy(p) - v [|= Co- [l v |,
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and the proof follows. [ |

Lemma 4.2.4.. Let Ry be a (Ko, K1, v, 1, o, &)-quasi-hyperbolic map (ie., Ry € T) sat-
isfying (H) and let ¢, and dy two real numbers with 0 < ¢, < dy < 1. Then there
is Oy = C1(Ro,c1,d1) > 0 such that for each N € N there exists a C'-neighborhood
¥ = W (Ro,N,c1,dr) of Ry in T such that for all | < N, for all R € ¥ and for all
p € dom(RY), if RY(p) € [0,1] X [c1,d1], then

| DR'(p) - v |> Cy- [ v |, (4.19)
for allv € C7(p).
Proof. Fix Ry and ¢; and d; as in the statement of the lemma. Take the real numbers ¢
and d such that 0 < ¢ < ¢; and d; < d < 1. It follow from the definition of the C'-topology

of T that for all j > 1 there is a C"'-neighborhood ¥(5) of Ry in 7 such that if R € 7(j),
q € dom(R’) and R?(q) € [0, 1] x [e1,dy] then ¢ € dom(R)) and

Rl (q) €[0,1] x [¢,d]. (4.20)

To see this, we extend the maps of T to maps as it is shown in the figure 4.5.

Take Cy given by Lemma 4.2.3 applied to Ry, ¢ and d as above. It follows again from
the definition of the C'-topology of 7T that for all i > 1 there is a C''-neighborhood “/7(@)
of Ry in 7T such that if R € ¥(i), § € ¥ and o € C7(g) then

S o Co o
| DRy(q) - v — DR'(q) - v [|< 70 ol (4.21)
Define c
Cr=—.
Now fix an integer N > 1. Define
V=7(fN)= 7(5)
1<j<N
and
Y =7(fN)= V(i)
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1 {y=1}v”
| | B
b ””.__;.;, {>=h}
R - " r,
(Q - R
] . fy=a)
Xa
o
0 {y=0}

Figura 4.5: Shape of extension of R.

Define
K=vNY.

Let us prove that the neighborhood #; works. For this we fix an integer 1 < [ < N,
R € 7 and p € dom(R'") such that R'(p) € [0,1] x [c1,ds] and v € C7(p). In particular
R € ¥, then (4.20) implies that R, (p) € [0,1] x [¢,d] (taking j = [), then (4.16) in Lemma
4.2.3 (taking ¢ = [) implies

I DRo(p) - v [|= Co- [ v || - (4.22)

Moreover, as in particular R € ¥, then (4.21) implies (taking i =, ¢ = p and 0 = v)

C
HDRMM-U—INW@VUHSA$WMWL (4.23)
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From (4.23), (4.22) and definition of C we obtain

| DR'(p)-v | = | DR'(p)-v— DRi(p)-v+ DRy(p)-v|
> || DR{(p)-v |l — || DR'(p) - v — DR{(p) - v ||
C
> Co ol =5 lvl
= S
2
= Cr|lv|
and the lemma follows. [ |

Let R €7 and § > 0. Now, we define the auxiliar sets

V(0) = [0,1] x([0,a]) U [b,1—4]);
Wi@S) = {p=(z,y) €V(0): R(p) €V(6),i=0,...k—1}, Vk>1;
Ar(6) = [VWE(©).

k>1

This set is called the R-maximal invariant set on V' (9).

Definition 4.2.5.. Let R € T and § > 0. We said that R is vertically expansive on V()
if there are a vertical invariant cone field C7 on V' (9), a positive constant C = C(R,d) > 0
and A = A\(R,0) > 1 such that if n € N and p € dom(R"™") satisfy R'(p) € V(8) for every
1=0,---,n—1 then

| DR™(p) - v [[> C - A" [[v]]

for all v € C7(p).

Lemma 4.2.6.. Let Ry be a triangular map which satisfies the hypothesis (H). Then for
each 6 > 0, Ry is vertical expansive on V(0) = [0,1] x ([0,a]) U [b,1 — 4]).

Proof. Fix R as in the statement of the lemma. Let consider the Rp-invariant foliation

Z . By definition of the (z,7) coordinates, Ry = ¢ o Ry o ¢! according (4.2) became

where f has negative Schwarzian derivative by Hypothesis (H).
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Also fix 6 > 0. Let us consider 6 = §(J) > 0 in such way that

=(z,y) ¢ ([0,1] x (1 =6,1]) =7 ¢ (1—46,1]. (4.24)

From (4.4) of Lemma 4.2.1, there exists C' > 0 that for all k € N, for all p € dom(RE)
and for all v € C7(p) we get

I DRG(p)-v | > C-|Dff @) |- [lv]| (4.25)

where ¢(p) = (Z,7).

By Singer’s and Misiurewicz’s Theorems [42]) we have that f is hyperbolic on

(see
[0,a] U [b,1 — §] there are positive constants C' = C'(Rp,d) > 0 and A = A\(Ry,§) > 1 such
that for all k € N and fi(y) € [0,a] U [b,1 —6], 0 <i <k — 1 we get that

| Df*() |> C - A" (4.26)

Take O = C-C and X\ = \. Fix k € N and p with Ri(p) € V(s),0 <i < k — 1. So,
from (4.24) we have that fi(y) € [0,a]U[b,1—0], 1 <i < k— 1 because Ri(p) € V(s),0 <
i < k — 1. Note that (Z,y) = ¢(p) because (4.24).

Take v € C7(p), then using (4.25), (4.26) and definition of C' and \ we obtain

I DR§(p) - v [|= C- A o] .

Therefore, from Definition 4.2.5, the proof follows. |

In the following proposition, we show an easy characterization of vertical expansivity in

the terms of the maximal invariant set, like for one dimensional hyperbolic set.

Proposition 4.2.7.. Let R € T and § > 0. Then, R is vertically expansive on V(9) if only
if there is a vertical invariant cone field C7 on V(§) such that for every p € Ag(d) and
Vv € CV(p) there exists a positive integer k = k(p,v) such that

I DR (p) - v [|I>]| v | -

Proof. If R is vertically expansive on ([0, 1] x [0,a]) U ([0,1] x [b,1 — d]) we take k so that
C - X\¥ > 1. So let us prove the reverse implication. So suppose that | DR®) (p)v ||>]| v ||
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for all p € Ag(0) and Yv € C7(p). Denote by B the set of v € C7(p) such that || v ||= 1.
By compactness of Ag(d) x B and continuity of the derivative of R, there exists a finite
cover Vi X By,---, Vi x By of Ag(d) x B by open sets, integers ny,--- ,ng and number
A1, -+, Ag > 1, such that | DR™ (p)-v ||> A for all (p,v) € V; x B; and every i = 1,--- , k.

Let consider a neighborhood V = Ule V;. Note that exists ng such that if p ¢ V' then
there exists ¢ smaller ng with R(p) ¢ V(4). Define n = max{n; : 0 < j < k}, a = min{||
DR(p) - v |: (p,v) € V(3) x B}, A\=min{ ¥/}, : 0 <i < k} and C = min{% : 1 <i < 7},

Take n € N and p € dom(R" ') such that R'(p) ¢ [0,1] x (1 — 4,1] for every i =
0,---,n—1. Take v € C(p).

We follows inductively the following alternatives:

a) If p¢ V. Then n <ng <n. So

v

I DR"(p) - v [|=[| DR"(p) - H - o> C- A" [[o].

v

b) If p € V. Then, there is 7, 1 <14 < k such that (p, %) € Vi x B;.

[l

b-1) If n < n; then n < n. So

3 n v n

| DR"(p) - v ||=|| DR"(p) - ol [-lfvl>C-A" v
b-2) If n > n; then
i s DR"(p) -v
| DR (p)-v || = | DR"™(R" () 75 7 |-
| DR™(p) - v ||
v
| DR™ (p) - -1l
o]l
> [ DR"™(q) - w || -A™- [ v ||
where ¢ = R™(p) and w = %. Then the proof follows recursively. [ |

Remark 4.2.8.. It is clear from definition that Vertical expansiveness is an Ct-open prop-
erty. In our case, Vertical expansiveness is equivalent to hiperbolicity because the existence

of an invariant contracting foliation.
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Lemma 4.2.9.. Let Ry be a (Ko, K1, v, i, a, &)-quasi-hyperbolic map (i,e., Ry € ’f') satis-
fying (H). Then there are 05 = d2(Ro) > 0 and a constant Cy = Cy(Ry) > 0 satisfying the
following property: for each 6 < 0, there are Ay = X\o(Ry,0) > 1 and a C'-neighborhood
¥ = ¥5(Ro,08) of Ry in T such that for all R € ¥, for all k € N and for all p € dom(R¥)
with p, R(p), ..., R¥=1(p) € V(8) but R*(p) € [0,1] x [1 — &a, 1], then

| DR*(p) - v |= Cy- X5+ || v ], (4.27)
for all v € C7(p).
Proof. Let consider Ry as in statement of the Lemma. Choose d9 > 0, ¢1,d; with 0 < ¢; <

d; < 1 and a C'-neighborhood % of Ry in 7 in such way that if R € % and p € dom(R)
satisfy R(p) € [0,1] x [1 — da, 1] then p € [0, 1] x [c1, dy].

Let C; be as in Lemma 4.2.4 applied to Ry, ¢; and d; chosen above. Let consider
Cy < imf{I2Eowvl 4y € [0,1] x [e1,dy], v € C7(p)} . Shrinking ¥, we can suppose that for

[l

all R € ¥, for all p € [0,1] x [¢1,d] and for all v € C?(p), || DR(p) - v ||> Cy- || v ||.

Define

Cy = min{1, 01201

}.
Now fix §, 0 < § < do. For such a § we shall take ¥5 and X\, as follows:

From Lemma 4.2.6, Ry is vertical expansive on V(§) = [0,1] x ([0,a] U [b,1 — 4]), so
we can find a C'-neighborhood ¥ = ¥(Ry,d) of Ry in T and constants C' = C(Ry, 9),
A = ARy, 6), with ¢ > 0 and A > X > 1 such that if R € ¥ and p satisfy Ri(p) € V(§),
0<i<k-—1andwve C(p), then

I DR (p) - v [|= C- X | v, (4.28)
because this is an open property (see Remark 4.2.8).

From (4.28) we can find K = K (Ry,8) € N and Ay = Ay(Ro,8), A > Ay > 1 such that if
k> K, ge ¥ and psatisfy R'(p) € V(9),0<i<k—1and v e C?(p), then

I DR (p) -0 |2 AS- || v || - (4.29)

(Just take K = min{k : C'- \¥ > 1} and A, such that 1 < A, < min{X- Cx, A}).
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Let #; be the C'-neighborhood of Ry in 7 given by Lemma 4.2.4 for this K.
Let us consider Ay = A2(Rp,0), 1 < Ag < Ao such that

A< 2. (4.30)
We show that Lemma work with %5 = %(R,,8) = %3 N ¥ N ¥, and Ay as was chosen.

Fix R € %, k € N and p € dom(R*) with p, R(p), ..., R*"1(p) € V(§) but R*¥(p) €
[0,1] x [1 — d2,1]. Also fix v € C(p).

If £ > K, then (4.29), the definition of Ay and Cy imply that
I DR*(p) - v = M- || v [|= Co- A5 [ v | - (4.31)
To the case when k < K, first we observe that R*~1(p) belong to [0, 1] x [c1, d;] because

R¥(p) € [0,1] x [1 — &2,1] and by hypothesis R € ¥. Then, definition of C; for one side
and (4.19) of Lemma 4.2.4 imply that

| DR*(p) - v | | DR(R*'(p))- DR*'(p) - v |
Cy- || DR (p) - v |

> -G v

v

So,
| DR(p) - v [|> Cz - A5 (4.32)

because (4.30) and the definitions of Cy and As.

Finally, from (4.31) and (4.32) the lemma follows. [

Lemma 4.2.10.. Let Ry be a (Ko, Ky, v, 1, a, &)-quasi-hyperbolic map (i,e., Ry € f) and
let C such that 0 < C < 1. Then there are a C'-neighborhood V5 = ¥5(Ry,C) of Ry in
T and constants 65 = I3(Ro,C) > 0, A3 = \3(Ro,C) > 1 and L = L(Ry,C) € N with
C -\ > 1 such that for each R € ¥4, for each p € [0,1] x [1 — 83, 1) there exists an integer
I =1(R,p) > L such that R'(p) € [0,1] x [0,a] for j=1,..,1—1 and

I DR'(p) v [|= X5 || v | (4.33)
for allv € C7(p).
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Proof. Fix Ry, Ko, K1,v,u,a,& and 0 < C < 1 as in statement of the lemma. For every
n > 0 we consider the C'-neighborhood for Ry of size n in 7, that is

Yy =A{R:dc (R, R) < n}.

1-&(Rq)
By (H2) we have v - MWL

that for all R € 7,

> 1. Then there is A = A(Ry) > 1 and 7 > 0 small such

1—a(R)

veopem®m >\ > 1 (4.34)

As Ry({y = 1}) C {y = 0} we can choose 0 < 6 = §(Ry) < 1 such that Ry(p) € [0,1] x
0, ] for all p € [0, 1] x (1 —4,1). Shrinking 7 again, we can assume that R(p) € [0, 1] x [0, a]
for all p € [0,1] x (1 —4,1) and for all R € ¥,

For R€ ¥, and p € [0,1] x [1 — §,1) we define
I(R,p) = inf{j > 1: R'(R(p)) ¢ Hoa}- (4.35)
To choose A3 we need to make some estimatives. Let consider R € ¥, and p € [0, 1] x [1—

5,1) and v € C7(p). By definition of [ in (4.35) we have that R(p), ..., R1(p) € [0,1] x [0, a]

and

le+1(p) > a. (436)

Claim. Forall R € T, forallq € ¥ = [0,1]x[0, 1] and n € Nwith ¢, R(q), R*(¢), ..., R"'(q) €
HO,a then YRn(q) <pt- Yq-

Indeed, fix R € T, g € ¥ and n € N such that ¢, R(q), R*(q), ..., R* '(q) € Hy,.
By definition we have

Yrn(q) = (I, 0 R")(q)

were II, is the projection over the second variable y. Define for ¢ € [0,1] the real valued
map h(t) = Ygn(z,.), then
h(yq) = YR™(2g,y4)"
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By Mean Valued Theorem we have
YR (zq,y4) = h/(g)yq
for some £ because yrn(z,,0) = 0.

But
(&) = D(IL, o R")(24,€) - (0, 1).

111

(4.37)

By (H4-b) because (0,1) € C"(z,y), V(z,y) € Hy, with R(z,y), ..., R" (z,y) € Hoa,

the cone C7 is invariant and the fact that || II, ||= 1 we get

| 7'() |

IN

[Ty [ - | DR™(24,€).(0,1) ||
< u"

and then (4.37) applies and proves the claim.

Moreover, for all R € ¥, and all p € [0,1] x [1 — 5,1), the above Claim (for ¢ = R(p)

and n = [) implies that

Yri+1(p) = YRY(R(p))
< ut YR(p)-
From this inequality and (4.36) we get

YR(p) >a- :U'il-

But (H3) says

YR(p) < K- | Yp — 1 |Q(R) .

Note that by definition of the neighborhood 7,
a(Ry) —n < ar < a(Ry) +n

and
a(Ry) —n < a(R) < a(Ry) + 1.

(4.38)

(4.39)
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By definition of the neighborhood %, as p € [0,1] x [1 — 4,1), (4.38) and (4.39) we
obtain
Ko- (0)""7 2 a7,

Therefore,

log(a) — log(Ky) — (a(Ro) — ) - log() -
> o — L(9). (4.40)

Note that L(d) — oo as § — 0.

Also, from (4.38) and (4.39) we have

&(R)—1
‘ Yy — 1 ’&(R)fl > <yR(P)> o)

a(R)—1

a —_&(R l
> <a> U (Y (4.41)

From the Chain Rule, (H4-a) and (H4-b) we get

I DR'(p) - v | I DR (R(p)) - DR(p)v |
V"L DR(p) v |

VK [y = 1RO (4.42)

AV

Y

for all v € C7(p).

Moreover, by C! proximity we have
a(Ry) —1—n - a(R) -1 - a(Ro) —1+n
a(R) + 1 a(R a(Ro) —n

(4.43)

Using successively (4.42), (4.41), (4.34) and (4.43) we obtain that for all v € C7(p),
&(R)—1

- l
B a a(R) l-ap
DR o) 2 g () T (W)
Kl a a(R) 1-&(R)\ !
= Jlg) ) e

K (a\"m
St S AL
> B o

= C(Ry)- X v (4.44)
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a(Rg)—1+4n

% o)
’ a(Rg)+ a(Ro)—
WhereC(RO):mm{%.<a> o)1 ’Kl‘(a) N }

Ko v\ Ko
Now, fix Ly € N such that C(Rp) - A > 1. Also take A3 such that
1 < A3 < min{(C(Ro))% - A, A}.

By (4.40) we take ¢ such that for all p € [0,1] x [1—4,1) and R € ¥, we have L(d) > L.
Therefore, | = [(R,p) > Ly.

So, using inequality (4.44) and definition of A3 we obtain

I DR(p)-v | = C(Ro)- A N7'o o
A5 Ag |

- )\3l' H v H7

Y

for all v € C7(p).

Finally take L = L(f,C) with C - A} > 1. Shrinking § in such a way L(S) > L. This
implies that for all p € [0,1] x [1 —¢,1) and for all R € ¥, | =(R,p) > L.

The lemma works with 75 = ¥#;,, A3, L and 43 = 4 as before. This ends the proof. |

Proposition 4.2.11.. Let Ry be a (Ko, K1, v, jt, o, &)-quasi-hyperbolic map (i,e., Ry € T)
satisfying (H). Then there are C'-neighborhood ¥, = ¥4(Ry) of Ry in T and constants
Cy = Cy(Ry) >0, 54 = 04(Ro) > 0 and Ny = \(Ry) > 1 satisfying the following properties:
Ifk €N, Re ¥, p € dom(RF) are such that R*(p) € [0,1] x (1—0d4,1] and v € C(p) then

| DR*(p) - v [|[> Cy- M- v || - (4.45)
Moreover, if p € [0,1] x (1 — d4,1) then
| DR*(p) - v = A [ v || - (4.46)
Proof. Fix Ry as in lemma. Let us consider Cy > 0 and s given in Lemma 4.2.9 applied
for Ry.

Take C; = min{1,C5}. Applying Lemma 4.2.10 for Ry and C' = C; we obtain a C'-
neighborhood %3 and the real numbers d3 and A3 and an integer L. Choose 4 such that
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0<dy = % -min{dy, 03}. Take Ay and ¥5 given by Lemma 4.2.9 applied to § = d4. Let us

1
consider ¥, = % N ¥#3 and choose A4 in a such way that 1 < Ay < min{CJ - A3, \x}. Note
1
that Cy - A3 > 1 because Cy > C' = ().

Now we prove that the proposition works with %4, Cy4, d, and A4 chosen above.
Fix R € 7, k € N, p € dom(R¥) such that R*(p) € [0,1] x (1 — 64, 1] and v € C(p).
We decompose the orbit {R!(p)}¥_, in several blocks as follows:

{p=p1,R(p1), ... R" ' (p)} . {er = B" (1), R(qv), .., R" (1)},

{pQ = Rll (ql)v R(p2)a ey sz_l(p2>}7 {Q2 = RkQ (p2)7 R(yQ)v sy RlQ_l(QQ)}v T
{pm = R (gm-1), R(Pm); - B (pm) = qm = R*(p)},

where k; is the first integer such that R¥(p;) € (1—84,1), l; > L is given by the conclusion
of Lemma 4.2.10 applied to ¢y, ko is the first integer that R¥2(py) € (1 — 6,4, 1) and so on.

Notice that k1 + 1 + -+ ko1 + L1 + ki = k.

Using the Chain Rule Theorem, (4.27) of Lemma 4.2.9, (4.33) of Lemma 4.2.10, and the

definitions of C, and A4 we obtain

| DR*(p)v || = || DR*"(pm) - DR"™*(gm-1) ... DR*(p3) - DR?(qg) -
DR (Pz) : DRll(fh) : ngl (Pl)v ||

> ((Co ) A ) (o) N ) - (G 2B - X ) -
(C2- X5 [l v ]

= (WG (G a) - (8 (X)) -
(C2-X51)- | v |

> (5T (A AR) 057 X (G X)L |

= AT AT Gy A v | (4.47)

> Cy N [lv]]

> G o],

this proves (4.45) of Proposition 4.2.11.
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For finish the proof note that if p € [0,1] x (1 — d4, 1) then in the decomposition of the
orbit {R?(p)}-_, given above, k; does not exist, so in (4.47), the expression Cy - Ai' does
not appears. Therefore, (4.46) of Proposition 4.2.11 follows. This concludes the proof . W

Corollary 4.2.12.. Let Ry be a (Ko, Ky, v, i, o, &)-quasi-hyperbolic map (i,e., Ry € 7’)
satisfying (H). Then there exists a C'-neighborhood V5 of Ry en T such that for each
R € ¥5 and for each 6 > 0, R is vertically expansive on [0,1] x ([0,a] U [b,1 — 4]).

Proof. Fix R, as in the statement of the lemma. Let us consider d, and the C'-neighborhood
¥, given by Proposition 4.2.11. Because Ry € T which satisfies (H) implies that Ry is ver-
tically expansive on [0,1] x ([0,a] U [b,1 — d4]) (see Lemma 4.2.6). From Remark 4.2.8, we
can find a C'-neighborhood Y, = ”I/;(RO) of Ry in 7 such that all R € ¥, is vertically
expansive on [0,1] x ([0,a] U [b,1 — 84]). Define % = ¥ N ¥;. Now take R € % and §
with 0 < § < ¢,. We will prove that R is vertical expansive on [0, 1] x [b,1 — ¢]. In order
to do this, let consider p in the maximal R-invariant set in [0, 1] x ([0, a] U [b,1 — 4]) and
v € C7(p). Then, we have that either Vk > 1, R¥(p) ¢ [0,1] x (1 — d4,1] or for some
ky > 1,R*(p) € [0,1] x (1 — &4,1]. In the first case, taking k big enough we have that
| DR*(p) - v ||>]| v || because R € ¥. In the other case, by (4.45) of Proposition 4.2.11,
I DR (p) - v = Ca- A || v .

Now applying the same argument to R¥!(p), we have two alternatives: there is k big
enough such that || DR***(p) - v ||>]| v || or there is ky such that R*(R* (p)) € [0,1] x
(1 —64,1) in a such case by (4.46) of Proposition 4.2.11 we have that

I DR (p) v ||= Ca- A - AP ([ v ] -

Inductively, we obtain that for some k = k(R,d,n,p,v) € N big enough such that
I DR*(p)v [|>| v |.

Therefore, from Proposition 4.2.7 the proof follows. |

4.3. Proof of the Main Theorem

In this section we prove the Main Theorem (Theorem 4.1.10).
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Let R: Hyo,UHp; CYX — U. A point p € Hy, U Hy; is periodic for R if there is n > 1
such that R?(p) € Ho, U Hy; for all 0 < j < n — 1 and R"(p) = p. The w-limit set of a

o
point p € (| R74(X) is the set
i=0

{¢eU:q= ka R"™ (p) for some sequence ny — oo}.
—00

The basin of a periodic point p is the set of points whose w—limit set contains p. We

say that a periodic point p of period n is sink if its basin contain an open set.

Given a curve ¢ in X we denote by length(() the length of a curve (. We say that ~ is
tangent to the cone field C7 if T,¢ is contained in C7(p) for all p € C.

If .% is a continuous foliation on U and A C U then the saturated of A for .% it is union

of leaves of .% which pass through points of A and will denoted by [A].

Theorem 4.3.1.. Let Ry be a (Ko, Ky, v, ji, a, &)-quasi-hyperbolic map (ie., Ry € T)

satisfying (H). Then there exists a C'-neighborhood ¥ = ¥ (Ry) of Ry in T such that for

all R € ¥, the mazimal R-invariant set contained in ¥ = [0,1] x [0,1], Ap = (| R7Y(X),
i=0

don’t contain a curve tangent to C7.

Proof. Fix Ry as in statement of the theorem. Let us consider ¥4, d, and A4 given by
Proposition 4.2.7. Let us consider the C'-neighborhood ¥ of Ry in T given by Corollary
4212 Take ¥ = ¥y N Y. Now fix Re V.

o0
Suppose, by contradiction, Ap = (| R~*(2), has a curve ¢ tangent to C7.
i=0

We split the proof in some steps. Let consider the invariant foliation associated to

F
Z.

the triangular map R. Also, we denote by g the quotient map induced by

Step 1. R has no sinks. Indeed, Corollary 4.2.12 and the fact that the foliation .7 is
contracting imply that all the periodic points p are saddle like hyperbolic point(see Remark
4.2.8). Therefore, R has no sinks.

Step 2. For all m # n, [R™(¢)]N[R"(¢)] has no interior. Indeed, if there are integers m # n
such that [R™(¢)]N[R™(¢)] has non-empty interior. Now we denote by J = I17(¢) and it is

clear that J is a homterval for ¢ (i.e., g"|J is a homeomorphism for all n € N). Therefore
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g™ (J) N ¢g"(J) has non-empty interior, then by standard arguments (see [23], Lemma A,
pag. 142) we obtain that g has a sink. Furthermore as the foliation .# is contracting we

obtain that R has a sink. This is a contradiction with step 1.

Therefore, the sequence of horizontal bands {[R"(()]}>, are pairwise disjoint and can

not accumulate a sink, i.e. ¢ is a “wandering curve”. From this it follows that

Step 3.
lengh(R"(¢)) — 0 as n — 4o0. (4.48)

Indeed, suppose that (4.48) is not valid , then there exists a real number § > 0 such
that

lenght(R"(¢)) > p.

for infinitely n.
Let X2 = X x ¥. Consider the compact K C X2 defined by
K:{@A)GY:p€2q€CWmﬂEamH%—yﬂszﬂ-
If G is small then K is a non empty compact set.
Define H : 3? — [0, +00) by

H(p,q) =117 (p) =117 (q) | .

As H(p,q) = 0 if only if II” (p) = 17 (q), then H(p,q) > 0 for all (p,q) € K because
| yp — Y4 |> 7 - 5. The continuity of H(-,-) and the compactness of K imply that there

exists a real number 6 > 0 such that
H(p,q) =0 (4.49)
for all (p,q) € K.

From step 2 we obtain that lenght(I1” (R"(¢))) — 0 as n — oo.

Now, let us consider n be the natural number which satisfies

lenght(I17 (R*(¢))) < g (4.50)
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and

lenght(R"(¢)) > . (4.51)

Moreover we claim that there exists p,q € R™(() such that (p,q) € K. Indeed, let
p,q € R™(¢) such that the length of the curve , parameterized in a such way that D((y) =
(v(y), 1), is contained in R™({) between p and ¢ is equal to 3 (see (4.51) given above).

In other hand as v < 1 we have

lenght (@) — L/Wpuz><<y>udy

Ya
S ’ Yp — Yq |7
and this implies that |y, —y, |> v - G, i,e., (p,q) € K.

So using (4.49) we obtain that

H(p.q) > 0. (4.52)

Also notice that

H(p,q) < lenght(T17 (R*(())). (4.53)

Therefore using (4.50), (4.52) and (4.53) we obtain

0 < Hip,a) < lenght (1 (R(Q))) < 5

and this is a contradiction. The proof of (4.48) of the step 3 follows.

Step 4. [17 (R"(¢)) accumulate to 1 . Indeed, suppose that IT17 (R"(¢)) not accumulate to
1, then there exists 6 > 0 such that TI7 (R*(¢)) C [0,1 — 6] for all n € N. Therefore as the
foliation .# is C° we can choose 6 > 0 such that R"({) N [0,1] x (1 —6,1] = (). Applying

Corollary 4.2.12 after reparametrization of the curve ( we obtain that there are C' > 0 and
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A > 1 such that for all ¢ € [0, 1], we have

tengh(r(©) = [ 1S o
- [ 1R “)H i

> C-\"- / | —=—= || dt
= C - \'lenght C)

Then lengh(R™({)) — oo as n — oo in contradiction with (4.48) of the step 3. Therefore,
17 (R"(¢)) accumulate to 1.

Next, we argue in order to arrive a contradiction. Let us consider 0 < n < J, and an
integer ny in a such way that Vn > ng lengh(R"(()) < 64 — n. So, if for n > ny and
R™(¢)N0,1] x (1 =n,1) # 0 then R™(¢) C [0,1] x (1 — d4,1).

As TI7 ([R™(¢)]) accumulate to 1, there is a sequence ny, such that R™(¢) C [0,1] x (1 —
d4,1). We can apply (4.46) of Proposition 4.2.11, after reparametrization, to obtain that

lengh(R™(C)) > A"~ -lengh(R™(C)).

As nj, — oo we have that
lengh(R"™(C)) — o0

and so we get a contradiction with (4.48) of the sep 3. The proof follows. |

Corollary 4.3.2.. Let us consider ¥ the C*-neighborhood given by Theorem 4.3.1. Then

for all R € ¥ and for all curve ¢ tangent to C7 such that (N ([ R74(X)) # 0, there exists
i=0

n = n(R,() such that TI7 (R*(¢)) 2 [0, 1], where 117 is the projection along the invariant

foliation % .

Proof. Fix R € ¥ and a curve ( tangent to C7 such that ¢ N ([ R74(X)) # 0. Then

i=0
Theorem 4.3.1 implies that (| R7%(X) don’t contain the curve (. Therefore there are a
=0
curve ¢ C ¢ with ¢(0) = p and ((1) = ¢ for some p,q € ¥ with p € (N (N R7I(X)) # 0

_ i=0
and a integer ng = no(¢) such that R"(q) € [0,1] x {0,a,b,1}. But R({y =1}) C {y =0}
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and {y = 0} is preserved by R so there is n > ng such that II7 (R"(¢)) 2 [0, 1]. Therefore,
from this the proof follows. [

Proof of Theorem 4.1.10. Fix Ry as in Theorem 4.1.10. Take the neighborhoods 75
and 7 given by Corollary 4.2.12 and Theorem 4.3.1, respectively. Define Z = #5 N 7.
Now, fix R € % and also fix the invariant foliation .% given by hypothesis (because that

R is in particular a triangular map).

Claim A: All stable leaf L € 7 intersecting (1,50 R™"(Hoa U Hp1) is accumulate by
hyperbolic periodic points of saddle type.

Indeed, take a stable leaf L € % intersecting ﬂnZO R™™(Hy,U Hy 1) and take a curve ¢
tangent to C7 intersecting L. It follows from Corollary 4.3.2 the existence of a curve ¢ C ¢
and n(¢) € N such that R(¥) € Hp, U Hy V0 <4 <n(¥) — 1 and R (%) meets all leaf
in %.

Let H({) be the horizontal band in ¥ consisting of saturating ¢ by the foliation .Z.
By the property of ¢ and n = n(¢) above we have that R"(H(()) crosses H(() in a
hyperbolic way. Then, by standard index arguments (see [56]) there is a periodic point of
Ron R"(H(¢)) N H((). Such a periodic point is hyperbolic saddle by Corollary 4.2.12 and
the fact that the foliation .# is R-contracting (see Remark 4.2.8). By taking ¢ close to L,

the band H(¢) remain close to L and then we have that such a point is close to L. This

proves the claim A.

Claim B: The hyperbolic periodic points of saddle type of R are dense in (1, o, R"(Hoq U
Hy,). Indeed, take a point z € (), ., R"(Hp . U Hyp 1) and take a neighborhood V' of z. We

can choice a large enough integer n such that a neighborhood U of the leaf that contains

neZ

R7"(z), i.e. a small horizontal band around the leaf, be applied into V. By Claim A there

exists a periodic point of saddle type in U. Therefore the claim B follows.

To finish the proof of the transitivity of R (i.e., the invariant maximal set given by (4.3)
is transitive) we will use the classical Birkhoff’s criterium to prove transitivity: for all p, q €
Mpez R (Hoo U Hy1) and € > 0 there are z € (o, R"(Hoo U Hp1) and n, € N such that
d(z,p) < eand d(R"™(z),q) < €. Indeed, fix p, g and e. By the above claim B we can assume
that p and ¢ are hyperbolic periodic points of saddle type. Fix a curve v in W*(p) such

that intersects transversally the stable manifold of ¢ in some point z*. Since the positive
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(resp. negative) orbit of z* is asymptotic to ¢ (resp. p) we have z* € (", ., R"(Hoa U Hy1).

By taking the negative orbit of z* we have some n} € N such that

d(R7™(z"),p) < e.

By taking the positive orbit of z* we have some n3 € N such that

d(R"(z%),q) < e.

Then z = R™"1(2*) and n, = n} + nj works.

So finish the proof of Theorem 4.1.10. |



Chapter 5

Singular cycles and Ck-robust
transitive sets on manifolds with
boundary: The continuous foliation

case

In this chapter we improve the result obtain in the Chapter 3 making use of triangular
maps given in Chapter 4. For this we only required sufficient differentiability to obtain
C'-linearizing coordinates. With those the invariant foliation .% is only continuos and con-
sequently the leaf application is only continuos. So, we can not apply the one-dimensional
approach. Nevertheless, the Poncaré map is a triangular map according the definition in

Chapter 4. Even more we expect that this approach work for the C* case.

5.1. Main Theorem

Theorem 5.1.1. If X € Z°°(M,0M) exhibits a generic singular cycle associated to a
singularity o € OM with real eigenvalues Ags, A5, Ay satisfying

Aos < A <0< Ay and Ay — Ags —2X, > 0,

122
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then for k > 2 large enough (lower that k in the Theorem 3.1.1), X also exhibits a C*-robust

transitive set containing o.

So, an application of this result is the following corollary:

Corollary 5.1.2. For every compact 3-manifold with nonempty boundary there is X €
2°(M,0M) exhibiting a C*-robust transitive set (for k large enough) which is not singular-
hyperbolic for X neither —X.

5.2. Proof of the Main Theorem

Here we proof the Theorem 5.1.1.

Let X € 2°°°(M,0M) be exhibiting a generic singular cycle

I'= {0—70770771}

associated to a singularity o € OM.

Under generic hypothesis we can assume the existence of C? linearizing coordinates in a
neighborhood of the singularity ¢ as well for the Poincaré map associated to the periodic
orbit O. Moreover, there is a k large enough (with & smaller that k& in Theorem 3.1.1),
depending only on the eigenvalues only of o and O, such that for any C* vector field Y C*-
close to X, there are C''-linearizing coordinates in the neighborhood of the continuations of
the singularity o as well for the Poincaré map associate to the continuation of the periodic

point O, which depend smoothly on Y. From now on we fix such k.

The proof follows the same steps as in the proof in Theorem 3.1.1. We only need make
some changes in the third step, that become from the fact that the foliation is not differ-

entiable.
First of all we observe that there is a isolating block U for the cycle I'.
We will prove that the set

A=(X(U)

teR
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is a C*-robust transitive set of X, that is for all Y C*-close to X, Ay = ),z Y:(U) is a
transitive set. Note that Theorem 5.1.1 follows directly from this since o € I' C A.

To prove that A is a C*-robust transitive set for X we need to do an accurate description

for Poincaré maps involved in the dynamic around the cycle.

Fix a point p € O and a cross section S at p. Under generic hypothesis we can assume
the existence of 1x : S — ¥ a C® change coordinate on S that linearize the Poincaré map
defined on S, where ¥ = [0,1 + §] x [0,1 + ¢] for some § > 0. From now on we identify S
with ¥ trough ¢y.

Let consider the Poincaré map R : Hy,UH,, C ¥ — ¥ defined by X on a neighborhood
associate to the cycle I', where Hy, and H,, are horizontal strip as defined in Chapter 3,
for some fixed constants a and b with 0 < a < b < p(z) for all x € [0,1 + ], where ¢ is
the C® map defined by the last connected component of the intersection between ¥ and

W#(o). Moreover we can suppose that ¢(0) = 1.

Let consider the Poincaré map Il associated to the periodic orbit O. By linearizing

hypothesis we have II : Hy, C ¥ — ¥ is the linear map

(z,y) = (A-2,p-y);

where 0 < A < 1 and p > 1 are the eigenvalues for the periodic orbit O. Note that R = II

on HO,a~

By condition on the eigenvalues of the singularity o, there exists a contracting C3 R-
invariant foliation .%# on ¥ (see [6], [71]). Using that R({y = a}) C [0,1+ 6] x (1,14 9)
and R({y =b}) C [0,14 0] x (1,14 0), this construction can be made in a such way that
the set {y = 0}, {y = a}, {y = b} and {y = p(x)} are leaves of this foliation. Moreover if
17 denote the homology map, then its satisfies the properties:

‘ oI’

) < o 2 e >

Replacing ¢o by some positive iterate of it, say n and replacing ¢; by some negative
iterate of it, say the same —n and normalizing by the change coordinates (A\™"x, p"y), we

obtain a new Poincaré map in a such way that the invariant foliation satisfy:



Chapter 5. Singular cycles and C*-robust transitive sets... The cont. foliat. case 125

)agj(x,y)’ ~ 0 and ‘ﬁ(z,y)’ ~ 1.

We can use this foliation to define new coordinates (z,y) = ¥ (x,y) on X close to identity

map, still linearizing, given by

(7,9) = ¥(z,y) = (¢, 117 (z,y)). (5.1)

So, the map R =1 o Ro ! is defined for all (%,9) € Hy, U Hy1, and satisfies
R(z,7) = (f(2.5),3(9)),

for some C® maps f(-,-) and g(-). Note that g(a) and g(b) are greater than 1. Moreover,
by assumption we have that g is strictly decreasing on [b, 1] and g(1) = 0.

Let consider the R invariant cone field C7 : p — C7(p) C R?, where

C'(p) ={v €R*: v = (w,w);|al < - |@l}.

The next proposition resume the most important properties of map R associate to

generic cycles as in Theorem 5.1.1. Here || - || denote the maximum norm in R?.

Proposition 5.2.1. Let X € Z°(M,0M) be exhibiting a generic singular cycle as in
Theorem 5.1.1. Then, shrinking the cross-section X if necessary, there is C3-linearizing

coordinated on ¥ such that the Poincaré map R = (f, §) satisfy the following properties:

0,) R(f7g) = ()‘ TP g) for all (fag) S HO,a'
b) g has negative Schwarzian derivative on [b,1).
¢) For v < 1 the vertical cone field C7 is a R-invariant cone field.

d) There is positive constant Ky such that

(W) = Ynp) < Koly —1|*, for all p = (Z,y) € Hy,.



Chapter 5. Singular cycles and C*-robust transitive sets... The cont. foliat. case 126

e) There is positive constant Ky such that for all p = (Z,y) € Hyy and v € CV(p),

IDR(p) - 0|l > Ky - |y — 17" ||o].

f) Forallp € Hy, and v € C7(p) it have that

IDR) - oll = p- o]l

Proof. Items a), ¢) and f) are immediate. The other items are consequences of Proposition
3.3.1. -

To study the maximal invariant set Ay for Y C*-close to X we will need to introduce

the respective Poincaré map associated to Y.

Let O(Y), o(Y), vy, @(Y), ¢1(Y), 70(Y) and 71 (Y") be the continuations of O, o, ¢, qo,
q1, Yo and 7y respectively. Observe that the cross-section S remain transverse to any flow C-
close to X. Take ¢y : S — ¥ a C! change coordinate on S that linearize the Poincaré map
induced by the Y-flow on S, that exist for all vector field Y C* close to X. Identifying S
with ¥ trough ¢y, we can suppose that ¢o(Y) = (1,0) and ¢;(Y) = (0, 1). Moreover let Ay
and py the eigenvalues associated to O(Y'), the continuation of A and p respectively. Now let
consider the uniform linearizing coordinates (1, x2, 23) in a neighborhood of the singularity
o(Y) of Y, that exist for all vector field Y C* close to X. Observe that ¥;, = {z3 = 1} and
Yout = {xa = 1} are transversal cross-sections to flow Y. Let A\(Y) < A (V) <0 < A\ (Y)

be the eigenvalues of DY (¢(Y')), and denote ary = —;\i(g and [y = —’t\fg)).

The maps IIx, L, x, joc x, Hout, x as well as Rx have continuations Iy, I, v, ey,
I,y and Ry for all vector field Y close to X. Note that the Poincaré first return map
Ry is given by

Ry : HygUHp,, CY¥— X
defined as Ily in Hy, and I,y 0 Wipey © iy in Hy . Here Hy, = [0,1 4 6] x [0, d
and Hy,, = [0,146] x {(z,y) : 0 < x <140,y = py(z)}. Moreover we can suppose
that Iy ({y = a}) C [0,1 4+ 0] x {(z,y) : 0 < & < 14+ d,py(x) <y < 1+ 0} and
Ry{y=0b}) C[-6, 14+ x{(z,y): 0<x <1+ py(x)<y<1+d}.

We have that

ﬂY}(U) =(Cl (UYZ (ﬂ R?(HO@ U Hb,@y))) )

teR teR neZ
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where CI(-) denotes the closure operator. So, in order to prove that NyerY;(U) is a transitive

set, we only need to prove that the maximal invariant set
() Ry (Hoa U Hypy ) (5.2)
neZ

is a transitive set for Ry.

To catch this set, let consider the C! coordinates (Z, ) given by

117 (x, y)
117 (2, py ()

where b(-) is the bump function such that b(y) = 0if y € [0,b] and b(y) = 1 if y € [¢, 1+ 0]

for some constant ¢, b < ¢ < 1, and % is the R invariant foliation.

(2,9) = ér(,y) = (.17 (x,y) + (117 (@) - | ~ 17 (2,y)) ).

We must remember that ¢y depends smoothly on Y, so ¢y. Moreover as % —
17 (z,y) = 0 then for all vector field Y C* close to X we have that b(I17 (z,y))- %—

17 (x,y)| is small in the C*-norm because that b(-) only depends on X, so ¢y is close to
identity map. Furthermore ¢y ({y = py(2)}) = {y = 1}, ov({y = a}) = {y = a} and
oy ({y = b}) = {y =b}.

In this coordinates let consider the map Ry : Hy, U H,; C X — X given by

Ry (Z,9) = ¢y o Ry o ¢y (5.3)

So, for (Z,y) € Hyo U Hyp1,

for some C! maps fY(', -) and gy (-, -).

The next proposition resume the most important properties of map Ry for all Y C*

close to X.

Proposition 5.2.2. Let X € Z°(M,0M) be exhibiting a generic singular cycle as in
Theorem 5.1.1. Then, shrinking the cross-section X if necessary, there are fourth number
Ko, K1, v and p with Ko, K1 > 0 and 1 < v < p such that for each 0 < v < 1 and for any Y
C*-close to X, there are a C*-coordinates on ¥ such that the Poincaré map Ry = (fy,gy)

satisfy the following properties:
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a)

b) Ry is C' close to R.
c¢) There exists a C° Ry -invariant contracting foliation .# depending smoothly on'Y .
d) There ezists a cone field C7 which is transversal to . .
e) For allp € Hy, and v € C7(p) it have that
v |[oll < [IDRy(p) - vl < - |19l

f) Ky satisfies:

gy (z,y) < Koly — 1|, for all p = (Z,7) € Hp1.
g) Ki satisfies: for all p = (Z,y) € Hy; and v € C7(p),

IDRy (p) - ol| > Ky~ |5 — 1™~ o

Proof. Fix X € 2°°(M,0M) be exhibiting a generic singular cycle as in Theorem 5.1.1.
Fix v < 1. Let consider Y C* close to X.

Define
v=p—cand pu=p+e
for some positive €. So, for all Y C* close to X,

l—ay l-—ay 1

v ey =(p—¢€)(pte) oy —py >1 as e€— 0T,

Then, a) holds for ¢ close to 0.

Note that Ry is C! close to R on Hp,, because Ry is lineal and close to R on Hj,, and

¢y is close to identity map. Now we prove that Ry is C* close to R on Hy;.
First of all we will obtain the expression of Ry (p) for all p € Hy .
Let consider II;;, v, Il y and IIj,. y the continuation of I1;,, I, and I, respectively.

Denote by [,y = iy o ¢y and Tloyuey = @y 0 Iy y. Let consider ¢, (Y) = (0,1).



Chapter 5. Singular cycles and C*-robust transitive sets... The cont. foliat. case 129

By Taylor formula,

iy (2,9) = Wiy (@1(Y)) + DIy (@1 (Y)) - (2,57 — 1) + Oiny (T, 5 — 1),

where

_ ay b

Dﬂm,y<q1<y>>=[_y Y]
Cy dy

Oin,y (2,5—1) —0.

with ay, Z)y, Cy, Jy € R and h’m(i’g)ﬁ(()’l) 1Ga=1T

As DIy (71(Y)) - €1 = (ay,cy) and DIl y(71(Y)) - €2 = (by,dy), by assumption we
have that @y and dy are negatives and ¢y = 0. Also we have that IT;, y (7 (Y)) = (20(Y),0).
Then

Wiy (Z,9) = (oY) +ay - +by - (§—1)+06,1y(z,9— 1),
dy - (J— 1)+ Oy (z,5— 1))

where O,y = (01y,0,y).
Note that O,y (z,0) = 0.
Also, by Taylor formula, calling (%, Z3) the coordinates on Sout, We get

1:[ouiE,Y(:%Ia 573) = 1:[out,Y(Oa 0) + Dﬁout,Y(Oa 0) : (‘%17 5;3) + éout,Y(jjla j}3)a

where R
_ ay b
DIT,y-(0,0) = [ o ]
éy dy

i a b G ] 7 Oou 71,7
with dy, by, ey, dy € R and G, 5,00 g = 0.

As DIl v(0,0) - e; = (ay, éy) and DI,y (0,0) €3 = (l;y, czy), by assumption we have

that ay and dy are positives and ¢y = 0. Moreover we supposed that I1,,.y(0,0) = (1,0).

Then

Howy (Z1,23) = (1+ay -2+ by - T3 + O3y (21, 73),

dy - T3 + Ouy(T1,73))

where (:)out,y = (@3,1/7 ®4,Y)'
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Note that O,y (1,0) = 0.
On the other side, remember that

1:Iloc,Y(mlv (Eg) = (:EI ' xgv {L'g)

Putting A = [xo(Y) tay T+ by (F— 1)+ Oy (7,7 — 1)] and B = [JY (G-1)+
B
Oy (Z, 7 — 1)} Y we denote by
i‘l == A . B

and
— ay
Ty = dy-(g—1)+®2,y(a‘:,gj—1)] .

As Ry = (fy(i‘, ’g), gy(i‘7 g)) = ﬁout,Y o ﬁloc,Y o ﬁin,Y (11’1 Hb,l) we get that

fy(i’,g) =14+ay- -2 —|—8y 'i3+@37y(i’1,i‘3) (55)
and

gv(@.9) = dv[dy G-1)+Ouy@g-1]" +
Ouy (Z1,T3). (5.6)

Item b) is consequence of (5.3), (5.4), (5.6) (5.5) and the fact that ¢x(-) = ¢(-) and
¢y (+) is C* close to identity map.

Item c) can be constructed as in [6] (see too [71]) because that 1y is C'-close to identity
map. Indeed the bounds for partial derivatives of Ry = (fy,gy) come from the respective
bounds for partial derivatives of Ry = (fy, gy ). Using that Ry ({5 = b}) C [0,1+8]x (1, 1+
§) and Ry ({§ = a}) C [0,1+ 4] x (1,1 + 6), this construction can be made in a such way
that the sets {y = 0}, {g = a}, {y = b} and {y = 1} are leaves of this foliation. Observe

that the invariant foliation for R obtained by this construction is given by horizontal lines.

Item d) is consequence from item b), the continuous variation of invariant foliation and

the fact that the existence of cone field is a open property in the C! topology.

Proof item e). From b) we have that Ry is C! close to R on Hy,. Take ¢ as in a) and
Y close to X such that for all p € Hy, and for all v € C7(p), | DRy (p) - v — DR(p) - v ||<
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e- || v ||. Moreover as || DR(p) -0 ||=p || 7 ||, we get
v vl < IDRy () - o]l < - lloll,
and this prove e).
Item f) is consequence (5.6).

Finally, to prove item g) note that for all p € H,; and v = (@, w)" € C7(p), |w| =| v ||
because that v < 1. Moreover, taken derivatives in (5.6) and using that ¢y (-,-) is C! close
to the identity map, we get that there exists a constant K; = K;(X) > 0 such that for all
p € Hyy and v = (u,w)" € C(p),

5\~ _ . u _ _
| DRG) -0 Il = fwl-mix { = | =] - gy (2, 9)| + 05av (2,9)]}
> Jw] - mix { — 7 10:9v (5, 9)| + 1053v (7.9)]}
> K-l =1

Ky ol g =1,
and so g) follows.

So the proof follows. [ |
Proof of the Theorem 5.1.1 (Main Theorem).

Indeed, using Proposition 5.2.1, Proposition 5.2.2 and Theorem 4.1.10 (see Chapter 4)

we get that the maximal invariant set

() Ry (Hoa U Hy1)
nez

is transitive.

So, the maximal invariant set given in (5.2) is transitive. The proof of the Main Theorem

follows. [ |



Chapter 6

An attracting singular-hiperbolic set
containing a non-trivial repeller

hyperbolic

The chain recurrent set of an Anosov three-dimensional vector field (e.g. [21]) is an
example of a non-transitive singular-hyperbolic attracting set containing hyperbolic re-
pellers. Observe that this example has no singularities. In this paper we construct a C*
three-dimensional vector field that exhibits a singular-hyperbolic attracting set containing

a singularity which is not Lorenz-like and a non trivial repeller hyperbolic set.

This chapter correspond to a work joint with M.E.Chavez-Gordillo, has been accepted

for publication in Lobachevskii Journal of Mathematics.

6.1. Statement of the Main Theorem

Newhouse in [57] proves that the non wandering set of any codimension-one Anosov
diffeomorphism on a compact connected C'*° manifold without boundary of a dimension
greater than or equal to two is all the ambient manifold. Later, it was conjectured by

Verjovsky [84] that a codimension-one Anosov flow on a compact manifold of a dimension

132
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greater than or equal to three has as its non wandering set, the whole manifold. Franks and
Williams [21] has given a counterexample of a three-dimensional Anosov flow whose chain
recurrent set is a non-transitive hyperbolic attracting set containing a non trivial repeller

hyperbolic set but does not contain singularities.

This motivates the question if non-transitive singular-hyperbolic attracting sets exist
containing both singularities and non trivial hyperbolic repellers. We give a positive answer

for this question.

Notice that there are C vector fields on the unitary sphere S? C R® which exhibit a
non transitive hyperbolic attracting set containing a trivial repeller. The example provided
in [49] show that there is a C'™ vector field on a closed 3-manifold, whose nonwandering
set is contained in the union of a repelling singularity and a singular-hyperbolic attracting
set without Lorenz-like singularities and without non trivial repeller hyperbolic sets (see
Theorem A). We observe that the geometric Lorenz attractor [24], Lorenz attractor [82]
and singular Horsesoes [34] are examples of singular-hyperbolic attracting sets which do not
contain non trivial repeller hyperbolic sets. However, we exhibit an example of a singular-
hyperbolic attracting set containing a singularity which is not Lorenz-like and a non trivial

repeller hyperbolic set.

Hereafter M denotes a compact 3-manifold. A C” flow X; on M is a C" action IRx M —
M, r > 1. We always assume that X; is the integral solution of a C" vector field denoted
by X. An orbit of X is the set {X;(p) : t € IR} for some p € M. The omega-limit set of
a point p is the set wx(p) = {x € M : I{t,}, lim, o t, =00 and z = lim,, . X;, (p)}. A
singularity of X is a point ¢ € M such that X(o) = 0. A periodic orbit of X is an orbit
such that Xz (p) = p for some p € M and minimal 7" > 0. A closed orbit of X is either a

singularity or a periodic orbit of X.

A compact set A C M is: Invariant if X;(A) = A, Vt € IR, Transitive if A = wx(p) for
some p € A, Trivial if A is a closed orbit of X, isolated if there is a compact neighborhood
U of A (U is called isolated block) such that A = (,cx X¢(U). A attracting set of X is a
compact invariant set of X which is isolated and has a positively invariant isolated block
U, ie., Xy (U) C UVt > 0. A attractor is a transitive attracting set. A repelling set of X

is a attracting set for the time reversed vector field —X and a repeller of X is a transitive
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repelling set of X.

A compact invariant set A de X is hyperbolic if there is a continuos invariant tan-
gent bundle decomposition T\M = Ef @& ExX & E%and positive constants K, X such that
E3, is contracting, i.e., |[[D(Xy),/E5|| < Ke ™, Vt > 0,¥p € A, EY is expanding, i.e.,
|ID(X_y)p/EY|| < Ke ™™, ¥t > 0,¥p € A, Ef is the one-dimensional subbundle generated
by X'in A. If in addition E; # 0 and EJ # 0 for all p € A then we say that A is saddle-type.

The Invariant Manifold Theory [31] asserts that if A is a hyperbolic set and p € A,
then the sets Wg(p) = {z € M : limy_o d(Xi(x),Xi(p)) = 0} and W§*(p) = W% (p)
are immersed C' submanifolds of M. These manifolds are called strong stable and strong
unstable manifolds of p. It turns out that Wg*(p) and W¢*(p) are respectively tangent
to the linear spaces E; and E at p. A singularity or a periodic orbit is hyperbolic (of

saddle-type) if it as a compact invariante set.

Let A be a compact invariant set of X. A continuos invariant splitting TAM = E\ &
Fy over A is dominated if there are positive constants K, A such that ||[D(X;),/E5]| -
ID(X_e)/Eg, |l < K e MVt > 0,Vp € A. A compact invariant set A is partially hyperbolic
it it exhibits a dominated splitting ThAM = E} @ E{* such that EJ is contracting, i.e.
|ID(Xy),/Ejl| < Ke ™™, ¥t > 0,¥p € A. A compact invariant set A of X is a singular-
hyperbolic set if it has singularities (all hyperbolic) and is partially hyperbolic with volume
expanding central direction Ef*, ie. |[det(D(X),/Es)| > K~'eM, ¥Vt > 0,Vp € A. A
singular-hyperbolic attractor is a non-trivial attractor which is also a singular hyperbolic
set. The most classical example of singular-hyperbolic attractors are the geometric Lorenz

ones [24]. Other examples different from Lorenz’s are the ones in [54] or [7].
Now we can state our result:

Theorem A. There is a vector field C* on a closed 3-manifold exhibiting a attracting
singular-hyperbolic set which contains a singularity that is not Lorenz-like and a non trivial

repeller hyperbolic set.

The idea of the proof is as follows. We obtain a derived f from Anosov map A on T?
somewhat similar to the derived from Anosov of Smale [76]. See also [87] and [20] with
the difference that f has two sources O; and O,. See Theorem 6.2.1. In the suspension of

(T2, f), we have taken open neighborhoods Uy, U, of periodic orbits respectively generated
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by O; and O,. The result is accomplished by doing two surgeries, one on dU; as in [87]
and one on U as in [49]. The organization of the paper is as follows. In Section 2 we give

the proof of Theorem 6.2.1. In Section 3 we prove Theorem A.

6.2. Construction of the DA diffeomorphism

The following results is a modification of Theorem A given in [87]. We begin with a
hyperbolic automorphism ¢ : 72 — T2 with the following properties: g is induced by a
linear automorphism A : R? — R? which can be represented by an integer matriz with
determinant 1, with a real eigenvalue A which satisfies 0 < A < 1 and the other eigenvalue

1 greater than one in absolute value.

Theorem 6.2.1. Corresponding to g : T? — T? there is a diffeomorphism f : T? — T?
such that:

(a) The wandering set Q(f) = {O1, 02} U A where Oy and Oy are (points) sources and

A is a one-dimensional attractor which contains three saddles-type fized points;
(b) Qf) has a hyperbolic structure;

(c) For any p € A, the stable space of p associated with f agrees with the stable space of

p associated with g.

Proof. Choose a real valued C* function p(t) with graph as in figure 6.1. We summarize

the properties that we wish p to have:
(al) p(t) = p(—t), for all t € R.
(a2) p(t) = 0 on a neighborhood of 0 and p(t) = 0, for all ¢t > 1.

(a3) There exists 0 < §* < 1 such that p(8*) = 0.

(a4) There exists 0 < a < * < b < 1 such that p(a) = sup,¢pqp(r) > 1 — A and
A< p(b) = insz[O,l] p(x) < 0.

(a5) [T p(t)dt > (1 —Na and [ p(t)dt = 0.
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Figura 6.1: graph of p

Now define ¢ : R — R by ¢(x) = Az + [ p(t)dt, for € R. We claim that ¢ holds the

following properties:

(bl) ¥(—x) = —9(x), for all x € R.

(b2) 1 is a diffeomorphism. From (al) and (a4), p(x) > —A for all z € IR. We then obtain
' (x) >0 for all x € R.

(b3) There is 0 < a < a such that ¥(z) = Az for all 0 < x < a. In fact, by (a2), there
exists 0 < o < a such that p(z) = 0 for all € (—a, ), which implies [ p(t)dt = 0.
Using the definition of v it follows (b3).

(b4) There is § with a < 3 < 8* such that ¢(z) > z for all x € (a, 3). We take 3 € (a, 5*)
such that p(3) = 1 — A. From (a4), p(t) > 1 — X for all @ < t < 3. Therefore, we
obtain [ p(t)dt > (1 — A)z — (1 — A)a, for all z € (a, ). Let a < x < . Using the
definition of 1, (a5), and the inequality above we obtain (b4).

(b5) ¥(x) = Az for all |x| > 1. Indeed, by (a2) we have that p(t) = 0 for all t > 1. By
(ab), fol p(t)dt = 0, then by definition of 1) we obtain the requerid property.

For ¢ > 0 small enough exists by = bi(e) € (0,a) and by = by(e) € (5, 3*) close to
such that —\ < p(x) < 1 — X —¢ for all |z| < by or |z| > by. We define X = sup{¢/'(z) :
|z| < by or |z| > by}.

(b6) A < X < 1. In fact, for ¢ > 0 fixed, we have 0 < A + p(z) < 1 — ¢, for all |z| < b
or |z| > by. Moreover, x* exists with |x*| > by such that p(z*) > 0. It follows that
p(z*) + X > X. Therefore, A\ < A< 1—e < 1.
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We can now construct a slight modification DA diffeomorphism.

Let 6 : R — R be a C*° bump function satisfying 0 < 0(t) < 1 for all € R, () = 1 on
[—bg,bo], O(t) = 0 for [¢t| > 1.

Choose linear coordinates wui,us on the neighborhood U of 0 in T2, such that wu; is
parallel to the eigendirection corresponding to A and wus is parallel to the eigendirection

corresponding to .

We suppose that U = {q € T? : v?(q) + u3(q) < 2}. We now define f : T? — T? by
altering g on U as follows: For ¢ € U, let ui(f(q)) = ¥(u1(q))0(r) + ui(g(q))(1 — 0(r))
where r = \/u}(q) + u3(q), and ua(f(q)) = ua(g(q)). Note that f agrees with g outside
Vo={q € T?: uilq) +u3(q) <1}.

Since 9 satisfies (b1) to (b6), by construction f has two sources Oy, Oz and three saddle-
like fixed points.

We note that f leaves the lines invariant uy = constant on U so that in fact f leaves the
foliation of stable manifolds of ¢ invariant on T2. Thus if E* is the stable bundle associated
to g, the bundle is invariant under D f. Notice that the unstable bundle E* associated to

¢ is not invariant under D f.

Consider V = {q € U : by < \/u3(q) + u3(q) < by}, from the properties (b1) — (b6), the
property | Df.(v) |[< A | v | for z € U~V and v € E? follows. Therefore as is proven
in [20], pag. 276-278, the set A = N,,>0f™(T? — V) is an attractor hyperbolic set for f.
Moreover, following the demostration of Theorem A of Williams [87], the set A satisfies
(a), (b) and (c) of the Theorem 6.2.1; and the result is concluded. [

6.3. Proof of the Main Theorem

Here we given the prove of the Theorem A.

Proof. Using DA-diffeomorphism f on T2 given by Theorem 6.2.1 we obtain the suspension
flow of f on a 3—manifold whose non wandering set is a singular-hyperbolic attracting set

which contains a singularity (not Lorenz-like), an attractor and a repeller that are all
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hyperbolic.

Let (N,Y!) be the suspension of (T2, f). That is, N = (T? x [0,1])/ ~ where the
equivalence ~ in T? x [0,1] given by (x,0) ~ (y,1) if only if f(z) = y. The flow Y° €
X"(T? x [0,1]) given by Y°(p,t) = (1,0) is the pullback of the flow (N, Y!) through the

canonical projection.

Figura 6.2: (p,t) € 7% x [0,1] — Y°(p, 1) = (1,0)

The non-wandering set of the vector field Y! consists of a non trivial hyperbolic attractor
A and two repeller periodic orbits P,, v Pe associated with the fixed points O, and O
of the DA-diffeomorphism given by the Theorem 6.2.1, that is,

QYY) = AU {P., Pc}.

Choosing the neighborhoods U; of Py, for [ = 1,2 in N homeomorphas to solids torus
such that the stable foliation of A intersects with the toruses OU; and dU, in two of Reeb’s

components. See Figure 6.3.

In Uy UU, we carry out a surgery in order to place instead of U; a non trivial repeller R
similar to the Franks-Williams’s [21] construction and replacing U, by a neighborhood with
two singularities, a hyperbolic saddle that is not Lorenz-like oo and a repeller singularity

o1 the same as Morales [49]. See figure (6.4).

In this way, the three dimensional closed manifold M and vector field X on M of class

C™ is obtained satisfying

QX) ={o1} UAURUW"(09),
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Figura 6.4: Solid Torus M? = D? x S*.

where 01, 09 are singularities, A is an attractor, R is a repeller both non trivial hyperbolics.
The set AU RU W*"(oy) works the Theorem. |
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